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DEL PEZZO SURFACES OF DEGREE FOUR
B.E. KUNYAVSKII, A.N. SKOROBOGATOV, M.A. TSFASMAN

Résumé.— Les intersections de deux quadriques dans ]P4/c (c'est—a—dire les surfaces de Del Pezzo

de degré 4, soit lisses, soit "singuliéres") constituent la premiére classe de surfaces rationnelles
dont l'arithmétique est non—triviale. L'arithmétique de telles surfaces X dépend de leurs
propriétés algébriques (combinatoires) et géométriques, propriétés que l'on peut lire sur l'action
du groupe de Galois Gal(k/k) sur le groupe de Picard Pic X (ici ¥ est une cloture séparable
de k et X= Xx k k). Pour étudier ces propriétés, nous donnons des formules générales pour

certains invariants cohomologiques importants. Ces formules nous permettent d'établir la liste
des cas "intéressants", c'est—a—dire des cas ou ces invariants sont non—triviaux. Nous étudions
les équivalences birationnelles entre divers types de surfaces rationnelles de degré 4, tant en
termes géométriques que combinatoires. Puis nous exhibons de nombreux exemples explicites (y
compris tous les cas "intéressants") et nous donnons une méthode générale de construction de
tels exemples. Nous étudions aussi les propriétés de rationalité du tore de Néron—Severi.

Summary.—Intersections of two quadrics in |P14€ (i.e. smooth and "singular" Del Pezzo surface of

degree four) form the first non—quasi~trivial class of rational surfaces. The arithmetic of such
surfaces depends on their algebraic (combinatorial) and geometric properties, reflected in the
Galois action on Pic X. To study these properties we obtain general formulae for some
important cohomological invariants. Using these formulae we list all the interesting cases (when
the invariants are non—trivial). We investigate birational interrelations between various types of
rational surfaces of degree four, both in geometric and combinatorial terms. Then we provide a
lot of explicit examples (including all interesting cases), and give a general method to construct
such examples. We also establish rationality properties of Néron—Severi tori.
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INTRODUCTION.

Various mathematical objects are presented in this paper, such as root systems, integral
representations of Weyl groups, Galois cohomology, algebraic tori in semisimple groups, conic
bundles, and some elements of the inverse Galois problem. Any of these is interesting enough to
deserve a special study, but their role in this paper is due to their direct or indirect relationship
to the main hero — the Del Pezzo surface of degree four — to its geometry, algebra, combinatorics
and arithmetic.

A Del Pezzo surface of degree four is a smooth intersection of two quadrics in I]";C (i.e. a

system of two homogeneous quadratic equations in five variables). This surface is rational, i.e.
the field of rational functions on it over the algebraic closure of the ground field is a purely
transcendental extension. Therefore, its study naturally belongs in the context of the theory of
rational varieties. Moreover (cf. for example the review [29]), we suppose Del Pezzo surfaces of
degree four to be a proving ground for almost all the modern methods in this theory. We also
hope that in the near future the theory of Del Pezzo surfaces of degree four will be able to answer
all its main questions, a too daring hope for more complicated surfaces (such as, for example,
cubic surfaces in P}).

Some results of this paper were previously announced in [25] and [24]. Let us describe its
contents.

In section 0 we introduce some necessary definitions, give some motivations, and
formulate main results. The first section is purely algebraic, here we calculate cohomology groups
for Weyl groups and their subgroups with coefficients in weight lattices and their sublattices
generated by roots. The results obtained in section 1 are applied in section 2 to the study of some
algebraic tori and their stable invariants. These tori include maximal tori in classical semisimple
groups of adjoint type and Néron—Severi tori of rational surfaces. The third section is mostly
geometric : here we study quadric pencils in I}’;c, conic bundles, birational transformations, and

so on. The fourth section is more of a combinatorial style : in the first of two possible situations
we present the complete list of all possible cases, and for each of them we calculate the main
cohomological invariants. In the second situation, which is much more complicated, we do not
give a complete list of cases, but in section 5 we actually present all the cases when the most
interesting invariant does not vanish. Section 6 is devoted to explicit constructions of many
examples of Del Pezzo surfaces of degree four; we give a general method to produce such
examples, as well as examples of conic bundles. Section 7 deals with the problem of stable
rationality of Néron—Severi tori of Del Pezzo surfaces of degree four.
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Our notation is mostly standard. By © we denote the duality of free Z—modules, i.e.
N°=Hom(MNZ), and by * we denote the duality of finite abelian groups, i.e.
M* = Hom(M,Q/I). The ground field % is always perfect, char. k# 2. If k is finite, we
suppose that its cardinality is not too small.

We wish to express our gratitude to J.—L. Colliot~=Théléne, D.F. Coray, A.A. Klyachko,
Yu.l. Manin and V.E. Voskresenskii for their interest in our work and for many stimulating
discussions.

The typescript was prepared by Mme Le Bronnec (Unité Associée 752 du C.N.R.S.). We
are most grateful to her for her careful typing and for complying with our many requests.



0
DETFINITIONS, MOTIVATIONS AND RESULTS.

Here are some definitions (for details see [29]).
A surface X over a field k is rational if the field of rational functions on X = X x k k is

purely transcendental (k¥ being the algebraic closure of k). The integer d = (K}"() is called the

degree of X, its rank is defined as the rank of Pic X (which is a free Z—module). The free
I-module Pic X of rank (10—d) is equipped with the natural action of the Galois group
g = Gal(k/k), preserving the scalar product (the intersection pairing) and the canonical class
K X This action defines a representation p:g— Auto(Pic X), Aut, being the group of

automorphisms preserving the scalar product and X X

The splitting group of X is G = Im p; the splitting field K is the field of invariants of
the kernel :

K= 6= Gal (K/K).

The Enriques—Manin—Iskovskih classification shows that there are two types of
k-minimal rational surfaces. A Del Pezzo surface X is a smooth complete geometrically
integral surface with ample anticanonical class — Ky ; the degree of a Del Pezzo surface always

satisfies 1< d< 9. A smooth rational curve on X with self—intersection —1 (an exceptional
curve) is called a line; if — K X is very ample, such a curve actually becomes a line after the

anticanonical embedding. A rational surface of the second type is a conic bundle, i.e. a surface X
having a k-morphism f: X— C, whose base C and generic fibre are rational curves. For a
Del Pezzo surface X of degree d< 6 there is an isomorphism Aute(Pic X) ~ W(E,_,), where

W(Eg_d) is the Weyl group of a root system EZ’ {=9—-d (weset Es=Ds, Es= Aq,

E3 = Aax Ay; root systems FEy, Eg,...,E3 are obtained from Eg by deleting one by one the
vertices from the long end of its Dynkin diagram). For a conic bundle f: X — C the class of a
fibre is obviously g-invariant, thus Imp belongs in fact to the subgroup Aut,(Pic X)

consisting of all automorphisms preserving the scalar product, the canonical class, and the class
of a fibre. The conic bundle is called standard if every degenerate geometric fibre is a pair of
exceptional curves meeting transversally. A standard conic bundle X has (8—d) degenerate
geometric fibres (therefore, —w < d<8) and Aut,(Pic X) ~ W(Ds_ 2+ For a Del Pezzo

surface the action of g on Pic X is uniquely determined by its action on the set of exceptional
lines. For a standard conic bundle this action is determined by the action on the set of
components of degenerate geometric fibres.
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The main goal of this paper is to squeeze out everything possible of what the "algebra" of
rational surfaces (in particular, of Del Pezzo surfaces of degree four) can give for the
understanding of their arithmetic. By "algebra" we mean such properties of a surface over a
non—closed field which depend neither on the ground field % nor on the splitting field K of X,
but depend only on the group G = Gal (K/k) and on its‘action on divisors and other geometric
objects. It is well known (28] that this action quite often determines the Brauer group of the
surface : Br X/Brk~ H'(g, Pic X) (it is so, for example, when & is local or global of
characteristic zero). Besides, this action determines some very important cohomological
birational invariants, namely

LU (G, Pic X) = Ker [H (G, Pic X) — HGHi(<g>, Pic X)], i=12
¢

In section 1 we find explicit formulae for these invariants. For a global field % the cardinalities
of l_l_l:,( G, Pic X) give upper bounds for several purely arithmetical invariants such as the

kernels of restriction maps CHy(X) — I CHy(X,) and BrX/Brk—1I BrX /Brk,,
v v

v ranging over all the places of k. A condition of k—minimality of X, a necessary condition of
stable k-rationality of X, necessary conditions for X to be k—birationally equivalent to some
(nonisomorphic) k-minimal surfaces, and the like can also be naturally described in terms of the
action of g on Pic X. In interesting cases the conjugacy class of the splitting group G of X
in the group Aute(Pic X) ~ W(R) is itself “almost" a birational invariant. To be precise,
whenever d< 4, the conjugacy class of G (modulo the action of such automorphisms of W(R)
which are induced by automorphisms of the root system) is in fact a birational invariant [40]. All
these facts induce a thorough study of subgroups of W(R), especially while the same
cohomological invariants play a significant role in the arithmetic of algebraic tori [43].

The study of the arithmetic of rational varieties with the help of the descent theory of
Colliot—Théléne and Sansuc leads to "standard conjectures" (see [9], [29]). In particular, & being
a number field, the set of k—points on a rational surface X is conjecturally described in the
following way :

1) X has a k-point iff

a) X hasa k,—point for any place v of , and

b) the Brauer—Manin obstruction to the Hasse principle is trivial.
Now we suppose X(k)# 0.
2) X(k) consists of a finite number of R—equivalence classes.
3) Each class is the image of the set of k—points of some k-rational variety Y of
greater dimension under a A—morphism f: Y — X.
4) X(k) is densein II X(kv) iff the Brauer obstruction to weak approximation vanishes.
v
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5) There is an injection from the set of R—equivalence classes into the group Ay(X) of

classes of zero—cycles of degree zero modulo rational equivalence.
6) There is an exact sequence of Colliot—Théléne and Sansuc :

0— LU (5y) — 4o(X) =@ 4(X,) — H'(kPic X",

where Sy is the torus dual to the g-module Pic X  (Néron—Severi torus),

LLI'(Sy) = Ker [HY(G,Sy) —-vt HY(G,, Sy)], * denoting the duality of finite abelian groups.

In some cases these conjectures are trivially satisfied. Namely, rational surfaces of degree
more than four form a quasi—trivial class (in the sense of [29]) : if X(%) is not empty, X is
k-rational; for a number field % the smooth Hasse principle holds. The same is of course valid
for non—k—minimal surfaces of degree 4. The less the degree, the more complicated is the study
of rational surfaces. Thus k—minimal surfaces of degree four are the simplest non—quasi—trivial
varieties. That is why they are interesting and deserve thorough study.

Nowadays there are only few classes of non—quasi—trivial k—minimal rational surfaces of
degree four for which the "standard conjectures" are known to hold (see, however, the note at
the end of this section). Let us state it in more detail. There are two types of A—minimal
surfaces of degree four [20] : namely, Del Pezzo surfaces of degree 4 of rank 1 and standard
conic bundles of degree 4 of rank 2. The latter are anticanonically mapped to P4, either this

map is an isomorphism having a smooth Del Pezzo surface of degree 4 of rank 2 for its image,
or its image is a singular intersection of two quadrics X’ having two conjugate singularities and
such that the line joining the singularities does not lie on X’ (following [14] such a surface is
called an Iskouskih surface). Let Y be a smooth model of X’. Due to a remarkable paper [12]
we know that "standard conjectures" hold on Y.

THEOREM A. DBvery k-minimal Iskovskih surface is k-birational to a k-minimal Del Pezzo
surface of degree 4 of rank 2.

Thus "standard conjectures" are also proved for some Del Pezzo surfaces. Whenever X(k)
is non—empty we are able to find out necessary and sufficient conditions for a k—minimal Del
Pezzo surface to be birational to an Iskovskih surface. It is convenient to formulate these
conditions in terms of the action of G on the graph of lines I' and on the graph of pencils of
conics A, which we are now going to describe.

A Del Pezzo surface X of degree 4 has 16 lines. The vertices of the intersection graph
I' of these 16 lines are drawn in Figure 1.
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[ ] L[] L] [ ]
N b4 L45 a3
L] L[] ] [ ]
{3 b3 {35 2N
[ ] [ ] [ ] [ ]
1) ) Los {34
* [ ] [ ] L]
45 s 4 q

Figure 1 : Graph I’

Each vertex is joined to the other vertex in the same row on the same side of the vertical
line, and to just one vertex of each pair on the other side, the left—hand (right—hand) vertex of
each pair being joined to the left—hand (right—hand) vertex in the same row and to the
right—hand (left—hand) vertex in other rows. Thus {5 is joined to 45,6 , &3, lesa and O34
The notation of vertices comes from the fact that X is the blow—up of the plane P2 in five
points z,...,7; of which no three are collinear. The 16 lines are : the five blown—up curves which

we denote by t’i, the 10 lines of P? joining pairs of points (zi,:cj) denoted by ez'j’ and the

inverse image of the conic ¢ through all five points.
The automorphism group Aut I' @ W(Es) = W(Ds) acts transitively on joined pairs of
vertices. In I' there are 10 subgraphs of type L (Figure 2).

Figure 2 : Graph X

The complement to a subgraph of type X is of the same type. Therefore the set of such
subgraphs is itself a graph A (Figure 3).

' [ q3 '" '8
it % a3 4 %

Figure 3 : Graph A
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Two vertices of A are joined iff the corresponding graphs of type L have no vertex in
common. A vertex of A is denoted q;- if the corresponding subgraph Ez‘ contains the joined

pair (g, t’i) (it determines 2:. uniquely), q; corresponds to the complementary subgraph 21

It is easy to see that Aut A~ W(Bs) = (1/2)°4 S5, S5 acting on joined pairs of vertices (i.e.
on lower indices of q*i ), and (Z/2)° being generated by ci,...,c;, where ¢; interchanges g;

with ¢; leaving the remaining 8 vertices invariant.
Let us remark that substituting e; for ¢} and -e; for ¢; we get the action of W(Bs)
5
on the standard realization of the root system Bs in RS (ey,...,e; being the basis of R).

There is an embedding Aut I' = Aut A; an element of Aut A belongs to the image of
Aut T iff it is a product of an even number of ci's and an element of S5, i.e. the image

coincides with W(Ds) embedded into W(Bs) in the usual way.
These combinatorial designs can be interpreted geometrically. A Del Pezzo surface X of
degree four is anticanonically embedded into Il’k. There is a pencil of quadrics @

parametrized by IPI‘c such that the image of X liesin any @, for A€ k and coincides with the
intersection of any two quadrics of the pencil. Let Q, and Qoo be smooth, Q) = Qp + A an'
A quadric @, is singular iff A is a root of the characteristic polynomial P(A) = det Q. Since

- 4
X is smooth, P()A) has only simple roots in %, corresponding to 5 quadratic cones Qic IPE’

i=1,..,5 Let v; be the vertex and Q‘;c ﬂ’% be the base of Qi (each Qi is defined over

KA i))' Over the algebraic closure % of the ground field QI; ~ l]’%x IP}c has two pencils of lines,
therefore Qi has two pencils of projective planes; intersecting with X each pencil produces a

pencil of conics on X. Denote these pencils g and G the components of the singular fibres

of the pencil ¢ (respectively q;) form the subgraph 2; (respectively Ez)

Let us define another graph A. The vertices of A are those of I', those of A, and one
more vertex e. If two vertices both belong either to I', or to A, and are joined there, then
they are joined in A. The vertex e is joined with all the vertices of A (and is not joined with
any vertex of T), ¢;e A (respectively g;) is joined exactly with the vertices of E;.C r

(respectively Z;). Now we see that- A is just the intersection graph of the 27 lines on a cubic

surface. In fact, let us fix any line on a cubic surface (denote it by €). Then all the remaining
lines are divided into two subgraphs, one formed by lines meeting e, the other by the rest.
Contracting e we see that the second subgraph is just I' (16 lines on a Del Pezzo surface of
degree four). Now on a Del Pezzo surface of degree four blow up a point which does not lie on
any line. This point lies on exactly one conic of each pencil q*i ; their inverse images on the
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cubic are lines. The intersection graph of these 10 lines is just A. It can be checked that
Aut A ~ W(Eg) (cf. [28], IV, 1.9).

Now let us show how different properties of a Del Pezzo surface of degree 4 can be
described in terms of G—action on T, A, or A. According to [20] a k-minimal Del Pezzo
surface of degree four is either of rank 1, or of rank 2. The latter occurs iff there exist two
complementary subgraphs of type £ such that each G-orbit belongs to one of them. It is
clearly equivalent to the existence of two G—invariant vertices ¢; and ¢; in A (for some 1i).

Let such an i be equal to 1. In our notation it corresponds to the decomposition of I' into two
M -
subgraphs X, and L, each of them consists of vertices lying on one side of the vertical line.

G—-invariant pencils of conics ¢; and ¢ equip X with two different structures of a conic
bundle. In particular, GC Aut,(Pic X) ~ W(D,). Let Ei be a subgraph of A obtained by
deleting two vertices q} and ¢;- In terms of A the condition kX =2 reads as follows :

there exists 4, 1< i< 5, such that the G-orbit decomposition of A is a subdecomposition of
4.
the decomposition into 21. , Ei , Zi and three one—vertex graphs ¢}, ¢; and e Note that each

vertex of S:- (respectively of Z;-, of Ez’) is joined to ¢ (respectively g;, e) and is not joined
to ¢; and e (respectively to g; and ¢ to ¢ and q;). According to [30] the maximal
subgroup of W(Es) leaving the set {q'i '@ > e} invariant is isomorphic to
W(F,) ~ W(D,)% S5, S; being the automorphism group of the Dynkin diagram D,.

If X(k)# 0 and there exists a "good" k—point £ on X (i.e. z does not lie on any line),
then the G-graph A is realized as the intersection graph of the 27 lines on the blown—up
surface. If, moreover, 7k X =2, contracting G—invariant line q; or ¢; wegeta surface X;

the splitting group G’ of X’ is the image of G under some automorphism of W(D,)
induced from an automorphism of the root system D,.

It is worth noticing that because of its purely combinatorial definition the G-graph A
can be considered for any Del Pezzo surface X of degree 4 (including those having no good
k-point).

THEOREM B. Let X be a k-minimal Del Pezzo surface of degree 4. If X is k-birationally
equivalent to an Iskovskih surface, then vk X =2 and the following cquivalent conditions hold
(q;- and ' being the pencils defined over k) :

i) in A thereis a G-orbit consisting of two joined vertices, other than q;- G and e;
ii) the group h(G), h being an automorphism of W(D,) induced from an automorphism of

the root system D4, has an orbit of two joined vertices in T;
iil)  thegroup h(G), h being as above, has an orbit of two joined vertices, other than q‘;. , and

4 in A.
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If X(k) is non-empty, these conditions are also sufficient for X to be k-birationally
equivalent to an Iskovskih surface.

COROLLARY. Let X be @ k-minimal Del Pezzo surface of degree four having no k-points. If X
is k-birationally equivalent to an Iskovskih surface, then vk X =2 and in A thereisa G-orbit
of two joined vertices, other than q;. and g;-

In fact, the vertices of A are those of T, A, and {e} (the three latter subgraphs being
G-invariant). Therefore the G—orbit of two joined vertices is either in T', orin A. In the first
case, joined vertices correspond to two intersecting lines on X, and the intersection point is
defined over k, which contradicts the condition X(k) =9.

In the case X(k) =@ we do not know any necessary and sufficient condition. Let us give
another version of Theorem B.

THEOREM B’. Let X = Q,N Qw be a smooth k-minimal Del Pezzo surface of degree4, such that
X(k)=0. If X is k-birationally equivalent to an Iskovskih surface, then the polynomial
P()) = det (Q, + '\Qm) has at least two roots \;, A€ k, and the discriminant of the quadratic
form corresponding to one of these roots, say Q>‘1 = Q)+ A Qw , restricted to a hyperplane

such that this restriction is not degencrate, is a square in k. If, in addition, the second quadric
Q>‘2 has a smooth k-point, this condition is also sufficient.

A Del Pezzo surface X of degree 4 is k—minimal iff T has no G-orbit consisting of
disjoint vertices. Such groups G are called minimal. For a minimal G all the possible orbit
decompositions of I' are classified [28]. There are 19 types (see Figure 4 on the next page).
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Now we return to the "standard conjectures". The extension class of the obvious exact
sequence 1 — E* — k(X)* — E(X)*/k* — 1 is an obstruction to the non—emptiness of X(),
since a k-point enables one to define a section k(X)* — k* ("value at the point"). This is the
so—called elementary obstruction [10].

Let k be a number field. If X(kv)#(l) for all places v of k then the elementary

obstruction is equivalent to the Brauer—Manin obstruction attached to a subgroup of
Br X/Br k=~ H\(g, Pic X), namely to 6(X) = Ker [Br X/Brk— II Br Xv/Br kv]'
v
If this obstruction vanishes, there exists a universal torsor on X. Chebotarev's density
1 -
theorem shows that b(X)¢C |||, (G, Pic X).

Now let Ay(X) be the group of zero—cycles of degree zero modulo rational equivalence.
From the results of Bloch [2], Colliot—Théléne and Sansuc [9], and Colliot—Théléne [4] it follows
that []]Ag(X) = Ker [A(X) — IT Ay(X)] is a subfactor of the group dual to [_Ui (G, Pic X)

v
(see section 2).
= 2 -

Thus we see that the calculation of l_[_]:, (G,Pic X) and |||, (G, Pic X), carried out
further on, gives significant information about 6(X) and ||]|Ay(X), the latter invariants being
of arithmetic nature. In several papers [25], [26] and [29] the group dual to U_]f, (G, Pic X) was
denoted by A[|[(Sy), Sy being the algebraic k-torus dual to the g-module Pic X (the

Néron—Severi torus of the surface X). This notation is due to the Voskresenskii exact sequence
[43] :

0— A(Sy) = ALLI(Sy) — LU (S =0,

- where (_Ul(SX) = Ker [H!(G,Sy) —@ H'(G,, Sy)], and A(Sy) is the weak approximation
v

defect. The group A[]](Sy) can be also defined as dual to H !(k, Pic WSx)), V(Sy) being a
smooth compactification of the Néron—Severi torus S X This fact can be interpreted in terms of
Galois modules. The groups (_]_I:,( G, Pic X) and [_[_]:,( G, Pic X) are invariants of the class of

stable equivalence of the Néron—Severi torus.
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THEOREM C. Let GC W(Ds). If |_U:,(G, PicX)# 0 or UJ;(G, Pic X)# 0, then G is
conjugate to one of the following groups:

N° Group Decom;;;’) g (ia tion L :’ LLJ i

1 Gz = <czea(12),c102(34)> =~ (Z/2)3 VIII /2 1/2
G;,s = <cieaczea(12),c100(34)> ~ (2/2)3 VIII /2 1/2
Gis = <ce,caca(12)> = (2/2)3 ‘ IX /2 1/2

2 Grs = <(12)(34),a0(13)(24)>~ 1/2 x 1 /4 XI1v 0 Z/2
G = <ae12)(34),c20(13)(24)>21/2 x1/4 XI1v 0 I/2
Gas = <acyeie3(12)(34)> ~7/2x 1/4 XV 0 7/2

3 G35 = <ccg,caca(12),(34)> ~ (Z/2)3 IX /2 0

4  Grs = <aeyeies(12)(34),(13)(24)> XV 0 I/2

5  Gre = <cea(12)(34),c203(13)(24)> ~ Qs XV 0 (Z/2)2

Here (% is the quaternion group of order 8. The first three groups are united under
N* 1, and the second three groups under N* 2, since their conjugacy classes are obtained from
one another by automorphisms of W(D,) induced from automorphisms of the root system Dj.
The proof of Theorem C is based on listing all conjugacy classes of minimal subgroups in
W(D,). For the group W(Ds) we fell short providing the complete list. However it is possible
to find all the groups G with ||] (G, Pic X) # 0.

TlIE(Z)R.Ell D. There are 8 conjugacy classes of subgroups GC W(Ds), G ¢ W(D,), such that
Ul o(G, Pic X)# 0. For all these groups I_L]i(G, Pic X) =1/2; four of them have orbit

decomposition of type XVII, the other four of type XIX.
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In a remarkable paper [1] stably k-rational but not k-rational Del Pezzo surfaces of
degree four were constructed. It is in fact possible to give a precise description of such surfaces of
rank 2.

THEOREM E. Every stably k-rational but not k-rational Del Pezzo surface of degree four of
rank 2 is k-birationally equivalent to a cubic (from [1]) given by

y2__az2 = P(z),

P(z) being an irreducible polynomial of degree 3, whose discriminant equals a, and a being
not a square in k.

For the surfaces of rank 1 the result is weaker :

THEOREM I". If @ Del Pezzo surface of degree four of rank 1 is stably k-rational but not
k-rational, then its splitling group is conjugate to onc of the three groups I, I, Is. All these
groups have orbit decomposition of type I

Actually, we prove that for a minimal GC W(Ds), G ¢ W(Ds), a G-module Pic X is
a direct summand of a permutation G-module iff G is conjugate to one of I, I, I3
Conjecturally, it follows that Ay(X) and X(k)/R are trivial, and Xx, Y is k-rational for

some k—variety Y.
It is natural to ask when a Néron—Severi torus is k-rational for a surface of a given type
(in such a case all invariants are trivial). For the surfaces of rank 2 here is the answer :

THEOREM G. a) Néron-Severi tori of types I, IV, V, VI, VII are always k—rational;
b) Néron-Severi tori of types III, VII, XII, XIII, XV are never stably k-rational;
c) for types IX and XIV there ezist both k-rational and not stably k-rational tori.

All the calculations of this paper leave us a bit up in the air without concrete examples of
Del Pezzo surfaces of degree four having prescribed splitting groups. To construct such examples
we develop the method given in [26] (unfortunately, the exposition there lacks detail).

To construct a surface over & with a prescribed splitting group G we must first
construct a Galois extension K/k such that Gal (K/k) ~ G. In fact, this is enough to construct
a conic bundle :

THEOREM H. Let G be a subgroup of W(Dn), and let k be an infinite field, Char. kY 24G. If

there ezxists a Galois estension K[k such that Gal (K/k)~ G, then there ezists a conic bundle
X/k of degree 8 — n with splitting field K (and splitting group G), and X(k)# 0.
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To construct a k—minimal Del Pezzo surface of degree 4 with a prescribed (up to a
conjugation) splitting group GC W(Ds) we act in the following way.

First we construct a A—minimal conic bundle Y (with 4 degenerate fibres if G is
conjugate to a subgroup of W(D,) and with 5 degenerate fibres otherwise) such that the
Galois action on the graph of components of degenerate fibres coincides with the action of
GC W(Ds) on the graph A.

This can be done by the help of Theorem H, but sometimes it is better to do it in some
other way (one should look that Y has a k—point). The equation for Y is usually either of the
form

¥ — a2 = P(2)
or of the form
V2 — 12 = P(z)

(the latter occurs if we use Theorem H).

Now we want to transform Y into a Del Pezzo surface of degree four. It is always
possible.

If Y has 5 degenerate fibres, we use a result of Iskovskih (cf. [21], Theorem 5) saying
that Y is anticanonically embedded into ‘P?c as a cubic V with a k-line ¢ lying on it, such

that the projection from ¢ gives us the conic bundle structure.

Blowing down ¢ we obtain a Del Pezzo surface X of degree 4. As we have explained
above, G—action on I' (the graph of lines on X) corresponds to G—action on A (the graph of
components of degenerate fibres of Y), and everything is all right.

If Y has 4 degenerate fibres (i.e. GC W(Dy)), as we have already explained there are
two cases : either Y embeds anticanonically into I}"]‘c as a smooth Del Pezzo surface, or its

anticanonical image is an Iskovskih surface. Unfortunately, even in the first case the surface Y
is not the one we are looking for, since the action of G on the lines can differ from the
prescribed action of GC W(Ds) on TI'. Blowing up a good k—point we get a cubic V with a
k-line ¢’ on it. The projection from ¢’ gives us a pencil of conics, the components of its
degenerate fibres form a graph A‘. The group GC W(Ds) must act on A’ leaving two
vertices invariant, thus V has two additional k-lines. Projecting from one of them we get the
pencil we started with, G acts on the components of its degenerate fibres as on A. Blowing
down this line we "spoil" the original pencil and get a Del Pezzo surface X of degree four. The
G-action on its graph of lines I' corresponds to the prescribed G—action on A. In the case of
an Iskovskih surface Theorem A is not enough, while the G-action may be wrong, but its proof
in the simple case Y(k)# @ is enough. Blow up a good k—point and blow down the fibre passing
through it. We get a smooth Del Pezzo surface of degree 4 with the "same" (from the point of
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view of G-action on the components of degenerate fibres) pencil of conics. Then we act just as
in the smooth case.
In this way we obtain

THEOREM L. Let G be @ minimal subgroup of W(Ds), and let k be an infinite field,
Char. kf 24G. If there exists a Galois extension K/k such that Gal (K/k)~ G, then there
ezists a Del Pezzo surface X/k of degree4 with the splitting field K (and splitting group G).

The developed method enables us to construct examples of Del Pezzo surfaces of degree 4
over {, whose splitting groups are the maximal groups for each of the 19 types. The same can
be done for all the "interesting" groups (i.e. groups mentioned in Theorems C, D and F). The
same technic leads to an example of a conic bundle which is not split by any extension of
degree 2™

Note. After this paper had been completed several significant results concerning standard
conjectures were obtained by different authors. Let us give a brief account here. All the standard
conjectures listed at the beginning of this section were proved for Del Pezzo surfaces of degree 4
of rank 2. Conjectures 1, 4, 6 were proved by Salberger in a series of papers [32], [33], [34] and
[35]. Conjecture 2 is proved in [11], conjectures 3 and 5 in [13]. In a letter [34] Salberger also
states that he can prove Conjecture 6 for arbitrary Del Pezzo surfaces of degree 4. See also a
forthcoming paper of Colliot—Théléne, Salberger, and Skorobogatov on weak approximation for
intersection of two quadrics, were Conjecture 4 is proved for arbitrary Del Pezzo surfaces of
degree 4.
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1
COHOMOLOGICAL PROPERTIES OF ROOT SYSTEMS.

Let us briefly recall the basic properties of root systems. Let V= R", andlet V-’ beits
dual vector space. By <,> we denote the canonical pairing V@ V- — R. Let R be a reduced
root system, i.e. a finite subset of V, generating V, and satisfying the following properties :

1) for any a€ R there exists ave V’ such that < @,av> =2, and the reflection

Su i T T—<1,0Y> a preserves R,

2) a¥(R)c I for any € R,

3)if a€ R, then 2a¢ R.
Elements of R are called roots; the group of automorphisms of V preserving R is denoted by
A(R); its normal subgroup W(R) generated by the reflections s, is called the Weyl group.

The set {av] a€ R} forms the dual root system RY. Let S= {ail 1< i< n} be a basis of R,

i.e. a set of linearly independent roots, such that any root is an integral linear combination of
some elements of S with coefficients either all positive or all negative. The additive subgroup of
V generated by R is denoted by Q(R) : elements of the Z-module P(R) = Q(RY)° are called

weights, elements w; of the basis of P(R) dual to the basis {a‘zfl 1< i< n} of Q(RY) are

called fundamental weights. Let x(R)= P(R)/Q(R); the cardinality of =(R) equals the
determinant of the Cartan matrix det(< a; a}'. >1<4,5< n)- In what follows we use the notation

for roots and weights introduced in [3], ch. VI, § 4.

We define FEs = D5, Ey= Ay, E3 = A;x Ay, these symbols being vacant; the root
systems Er,..., B3 are obtained from FEg by consecutive intersecting with hyperplanes given by
<ows>=0, <auw,>=0, and so on (cf. [3]). This procedure is equivalent to deleting of

consecutive vertices in the Dynkin diagram starting from its long end.
PROPOSITION 1.1. n(R) is canonically isomorphic to H(W(R), Q(R)).
We give a simple proof of this statement due to A.A. Klyachko.

Proof : Let ¢ be a crossed homomorphism W(R) — Q(R), it is uniquely determined by its

. i 2 = = 2 = i
values :p(sai) for a;e S. Since sai 1 we have 0 tp(sai) saigo(sai)+<p(sai), ie.

o(s a-) = m,a; for some integer m, . Conversely, to each n—tuple {mi}’ m,€ I, we associate
]

n
the crossed homomorphism ¢(g) = (1-¢) ¥ m; w;, w; being fundamental weights. Let

=
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n

W, = r m; w; . It is clear that this correspondence between crossed homomorphisms and
=1

weights is a bijection, and ¢ is a coboundary iff w,€ Q(R).

Let us recall that «(R) is trivial iff R is Eg, Fs or Gz. The two latter systems will
not be considered in this paper.

DEFINITION 1.2. Let R be a root system such that m(R) is cyclic (i.e. R# D, p- Define the
W(R)-module M(R) as the extension of the trivial module T by Q(R) given by a generator ¢
of Ext ;V(R)(Z’ Q(R)) = HY(W(R), QR)) = n(R). In particular, M(Eg)= Q(Es)® L.

LEMMA 1.3. If =(R) is isomorphic to I/2, 1/3 or I/4 (i.e. R is one of the root systems
Ay Ay A3, B, C, Dy, +10 Eg, E;), then the isomorphism class of M(R) = M(R) does not

depend on .

Proof : Under the assumptions of the lemma the generator ¢ is unique up to a sign. Hence it
suffices to prove that ¢, = — ¢, implies Mwl(R) = Mlpz(R). The exact sequence

M 0— QUR) — My(R) — T —0

is split as a sequence of ZI—modules, and there exists an isomorphism of Z-modules

My (R)~ Q(R)® L. An element g€ W(R) acts on (a,n), a€ Q(R), n€l, as follows :

g(eyn) = (ga + ny(g),n). An isomorphism f:QR)®I— QR)O L such that
f(a,n) = f(a,—n) is an isomorphism of W(R)-modules :

flg(ayn)) = flga + n ¢)(9),n) = (9a + n py(g), — n) = (92— n py(9),— n) = ¢(f(a,n)).
PROPOSITION 1.4. H'(W(R), M,(R)) = 0.

Proof : Let 6:I— HYW(R), QR)) be the boundary homomorphism in the long
cohomological exact sequence provided by (1). Then §1)=¢ (up to a sign), hence § is
surjective. It follows that H'(W(R), M,(R)) = H'(W(R),L) = 0.
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We would also like to have an analog of M,(R) for R= D,, in particular when n is
even, (D,;) being isomorphic to (Z/2)% Recall that W(D,) is a subgroup of W( C,), and
the W(D,)-module Q(D,) is obtained from the W(C,)-module Q(C,) by the restriction of
the group (cf. [3]).

LEMMA 1.5. HY( W(D,), M(C,)) = 1/2.
Proof : Consider (1) for R = C,, and let the exact sequence of W(Dn)—modules
0— QD) — M(C,) —I—0

be obtained from it by restriction to W(Dn). The "restriction—inflation" exact sequence implies
that  res: H( W(Cn)’ Q(C’n)) — HY( W(Dn), Q(Dn)) is an injection (there are no

W(R)—invariant elements in Q(R)). Therefore the boundary homomorphism maps 7 onto a
subgroup of H 1(W(Dn), Q(D,)) isomorphic to Z/2. Since |a(D )| =4 we have

HY(W(D,), M(C,)) = 1/2.

DEFINITION 1.6. Define a W(Dn)-modulc N(Dn) as the non-trivial extension of T by the
W(D,)-module M(C,).

PROPOSITION 1.7. H'(W(D,), N(D,)) = 0.

Proof : Proceed as in the proof of 1.4.

Convention 1.8. Let R= A, or E . We omit the subscript ¢ in My(R), assuming that ¢
is always chosen so that its corresponding weight w, coincides with v, (in the notation of
Bourbaki (3]). In view of Lemma 1.3 we also omit the subscript ¢ in My(R), R being one of

the root systems Bn, Cn, D2n 1

Remark 1.9. Let R= A4, , then w + w, =0 (mod Q(R)). Hence M(A,) is isomorphic to the

extension of I by Q(An) such that its cocycle corresponds to the class of w, via the



COHOMOLOGICAL PROPERTIES OF ROOT SYSTEMS 21

isomorphism of 1.1. This extension can be easily described. Indeed, let Z[S, +1/Sn] be the
W(An)—module induced from the trivial W(An_1)~module I. The group W(A n) ® 541
permutes the elements of the canonical basis CICRE g(ei) = eg(y) It is easy to see that
the submodule of Z[$, 1 /S,] consisting of the elements with the zero sum of coordinates is
isomorphic to Q(4,). We claim that the class of the extension z[s, 1 /8] corresponds to w;.
Indeed, if n——mne is a section of the augmentation map IS, /S, ]— T, then
o(g) =e o(1) G hence w, = w; (see the proof of 1.1). In particular, the W(A,)-modules

M(A,) and Z[Sn_l_l/Sn] are isomorphic.

THEOREM 1.10. There ezist ezact bilinear W(R)-invariant pairings M(R)x M(R') — 1 and
MD,)x NM(D,) — T estending the natural pairing Q(R) x Q(RY) — 1 given by the Cartan

matriz.

Proof : First let R be An, Bn’ Cn’ D2n 41 OF En’ then the Z-module M(R) is isomorphic
to Q(R)® L. The explicit action of W(R) is given by g¢(e,n) = (g9a + n ¢(g),n), where

w(g) = W= g Wy Let ¢e€ Ext IiV(R)(Z’ Q(R)) = H(W(R), Q(R¥)) be the class of the

extension
(2) 0— QRY) — MR) —1—0

and let w, € P(RY) be the corresponding weight. To make our pairing b W(R)-invariant one
has to set b ((0,1), (&0)) == < wya>, b((ev0), (0,1)) = — <a,w, >. It remains to define

m = b((0,1),(0,1)) so that the determinant of the pairing equals + 1. Let us do it in each
particular case. Let R = An )y Wp = Wy =W, Set m =1, then

2 -1 0 0 0 0
-1 2 -1 0 0 0
0 -1 2 0 0 0

(3) det . =1
0 0 O 2 -1 0
0 0 0 -1 2| -1
00 0 0 1

Let R= Cn’ then by Lemma 1.3 we can choose w,=w; and wy= w, (cf. [3], ch. VI, § 4,

n® 5,6). Set m =1, then
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2 0-1 .. 0 0} -1
02 0 .. 00 0
-1 0 2 .. 0 0 0
4) det C =
0 0 0 2 2 0
0 0 0 -1 2 0
00 0 0 1| 1)
Let R= En, then w, =wy= Wy Againset m= 1.
2 0-1 0 .. 0 O 0
0 2 0 -1 . 0 0 0
-1 0 2 0 . 0 0 0
0 -1 0 2 .. 00 0
(5) det C. =-1
00 0 0. 2 -1 0
0 00 0 .. -1 2{-1
000 0 0 ... 0 -1 1)

Finally let R = D2n+1 and w,=wy, = W1 Then

2 -1 0 0 0 O 0
-1 2 -1 . 0 0 O 0
0.-1 2 . 0 0 0 0
(6) det c. =4m—(2n+1) =+ 1
0 0 0 .. 2 -1 -1 0
0o 0 0 .. -1 2 0 0
0 0 0 .. -1 0 2} -1
00 0 .. 00 I m

4m being the multiple of 4 closest to 2n + 1.
Now let R =D, (for arbitrary n). Define a quadratic form on N(Dn) by the matrix

2 -1 .. 00 0| -1 0
-1 2 .00 0| 00
(7) .
0 0 241 -4] 00
0 0 ..-1 20| 00
0 0 .. -1 0 2 0 -1
oT0 00 0] 10
0 0 0 04| 00

using the fact that (for any n) (D ) 18 generated by the classes of w; and w, ([3], ch. VI,
§ 4, n* 8). The determinant of (7) equals —1.

Remark 1.11. The signatures of the quadratic forms (5) and (7) equal (»,1) and (n+1,1),
respectively.
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PROPOSITION 1.12. The W(DZn +1)-modules N(D2n +1) and M(D. )® L are isomorphic.

2n+1

Proof : Consider the diagram of W(D, n +1)—-modules :

9 0
T
|
i
z = A
i
|
0 — M(Cypyy) —  MDypyy) — T — 0

2
r |
H

0 — ADgpy)) —  MDyyy) — T — 0
r B\

(=}
o - - -

Here the left column is obtained from (1) by the restriction to the group W(D2n +1), the
middle row is the definition of MD,, +1), and the bottom row is just (1). Let
pe HY( W(Dy, 1) Dy, 1)) =T/4 and  ye H‘(W(Dzn_*_l), M(Cy, )} =T[2 be the
classes of the row extensions. Since H*( W(D,,, +1),I) =0 we have 9 = ay(p). There exist

splittings of I—modules : M(DZn+1) > Q(Dzn+1)e I and M ] M(02n+1)e> I, where

DZn+1)
Hawn) = (ga+ngp(g),n) and  g(a’,n) = (ga'+ny(g)n), g€ W(D,, . 1), @€ QDy, 1),
a’ e M(C,, +1)’ ne I. It follows that f:(en)— (a(a),n) is a homomorphism of
W(D2n +1)—-module; f s injective, and coker(f) ~1. The corresponding short exact

sequence of W(D2 " +1)-—modu]es splits since
1 — 1 —_
Extpyn,, )\ BMDay 1)) = H WDy 1), M(Dyy 1)) =0

by 1.4. The proposition is proved.

Let ¢(D,,) be the subgroup of AD,, +1) generated by the roots og,...,ap, 41 be by

all elements of the basis excepting the root a;, which corresponds to the extreme vertex of the
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long end of the Dynkin diagram ([3], ch. VI, tables). In other terms, Q(D,,) = Ker ¢,
€ : QD n +1) —+ I being defined by a+— ¢(a) = < @, w; >. The corresponding embedding

) is called standard. In what follows by W(D2n) — W(D.

W(Dyy) <= W( on+1

D2n+1 ) we

mean the standard embedding.

LEMMA 1.13. The W(D, )-modules M(C,,) and Q(D,, +1), obtained by the restriction of the
groups to W(D,_), are isomorphic.

Proof : Since both modules are extensions of 7 by Q(D, n)‘ it is enough to check that their

cocycles coincide. The exact sequence of W(D, n)—modules
0— QCy,) — M(Cy)) — T—0

corresponds to the unique nontrivial cocycle ¢e H 1(W(02n)’Q(C2n)) ~1/2. Its restriction
res p € H( W(Dy n)’ Q(Dzn)) ~(Z/2)? corresponds to the weight w, (it follows from the fact
that (C,,) is generated by the fundamental weight w; of C, , which coincides with the
fundamental weight w; of D, , cf. [3], ch. VI, tables). On the other hand let n+—— n a; be
a section of the homomorphism ¢, : Q(D,,, +1) — I (o being a root of D, n +1)‘ The class of

the extension

1
—I—0

0 — QDyy) — @Dypyy)

is thus given by 9%(9) = ¢y —g &, = — (w—gw;), where w, is the first fundamental weight of
D2 w
PROPOSITION 1.14. The W(D2n)—module N(D2n) is isomorphic to the W(D, n)-module
M(D2 n +1) obtained by the restriction to the group W(D2 n)

Proof : Both modules are extensions of Z by M( C2n) ~ Q(D ) (Lemma 1.13). In view of

2n+1
1.5 and 1.6 it is enough to check that the extension of W(D2 n)—modules

)—»Z——»O

(8) 0— QDyy ) — M(Dyp
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is non—trivial. By functoriality the class of the exact sequence (8) is the restriction of
the extension  class 7 of (1). By definition @ generates
HY(W(Dy, 1 1), @Dy, 1) = P(Dy, 1)/ Q(Dy, ) (see 1.1). Using the 1-l—correspondence

between crossed homomorphisms and weights we can assume @(g) = (1=g)wy,, +1° If the

restriction of ¢ to W(DZn) is a coboundary, then ¢(g) = (1—g)r for ge W(Dzn),

W(D,,)
re Q(D2n+1). Then w,, . ,—T€ P(D2n+1) w <w;>. Now notice that the class of

Wopp1 T Mw in P(D2n+1)/Q(D2n+1) ~Z/4 is of the form 1+ 2m (mod 4) ([3], Ch. VI,

tables), thus, it is not zero.

PROPOSITION 1.15. Let R = R'. The group of automorphisms of M(R) (and of N(D,))

preserving the unimodular quadratic W(R)-invariant form obtained in Theorem 1.10, and acting
trivially on the orthogonal complement to Q(R), is isomorphic to the Weyl group W(R).

Proof : The group of orthogonal automorphisms of Q(R) is A(R). If R= Ay, By or Eg, then

A(R) = W(R). Let R=A , E or Dy, 1» then A(R)/W(R) =~ Z/2. Suppose for a moment

that (1) is exact as a sequence of A(R)-modules. Then the class of the extension (1) (considered
as an exact sequence of W(R)~modules) belongs to H( W(R), Q(R))A R) By Proposition 1.1

this group is isomorphic to (P(R)/ Q(R))A(R)/ W(R) (since  W(R) acts trivially on
P(R)/Q(R) ([3], Ch. VI, §1, proposition 27)). According to the tables in [3], Ch. VI,
A(R)/W(R) ~T/2 acts on the cyclic group P(R)/Q(R) via multiplication by —1. Hence, if the

order of n(R) = P(R)/Q(R) is greater than 2, then (P(R)/ Q(R))A(R)/ W(R) is a proper
subgroup of (P(R)/Q(R)), and does not contain its generator. This contradicts Definition 1.2. If
the order of 7(R) equals 2, then R= A; or E;, but in these cases A(R) = W(R).

Now let R=D, , then A(D ))/W(D)~1/2 (if nt4), and A(D,)/W(D,)~S; ([3],
W(D

)
Ch. VI, § 4). Since MD,) " ~T® T we have an exact sequence of W(Dn)—modules :
(10) 0— QD) — N(D,) — 1o T—0

(the map N(D,) — T@ T is dual to the injection 7@ I < N(D,), N(D ) being autodual by
Theorem 1.10). From H 1( W(Dn),N(Dn)) =0 it follows that the boundary map ¢ is surjective,

hence the class of the extension (10)

ve By (0L, QD) = HY(WD,), &(D,)® HWD,), AD,))
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is of the form ¢ = (p,,9,), where ¢, and ¢, generate H‘(W(Dn), QD)) If (10) were an
exact sequence of A(Dn)—modules, then ¢ would be a restriction of some class from

HY(A(D,), Q(D,))® HI(A(D,), D)), ie.

(D,) A(D,)/ W(D,)

A
by € H(WD), QD) = (P(D)/QD,)

If n iseven then P(D))/Q(D;)=(Z/2)" If n=4, then A(D,)/W(D,)=S; acts on

P(D,)/Q(D,) permuting nonzero elements, and (P(D,)/ Q(D4))A(D VAUCHIES n# 4,

. A(D)/W(D,)
then A(D,)/W(D,)=1/2 permutes w, and w, ie. (P(D,)] AD,))

. A(D,)/W(D,)
n is odd, then (P(D,)/Q(D,))~T/4, and (P(D,)/QD,) ~T/2. Tt follows

that ¢, and ¢, do not generate P(Dn) /Q(Dn). It is a contradiction, and the proposition is

2 7/2. I

proved.
In what follows the group G is always assumed to be finite.

DEFINITION 1.16. Let N be ¢ G-module of finite type, then for i=12 by U_]:;(G,N) we

denote the kernel of the restriction to all cyclic subgroups :

WAGN = Ker[H(G,N) — T HY(<g>,N).
€G

Recall that a permutation G-module is a direct sum of G-modules Z[G/H], H being a
subgroup of G; the G-modules N; and N, are called similorif N,® M, and N,® M, are

isomorphic for some permutation modules M; and M, [43].
LEMMA 1.17. If M is a permutation G-module, then ]_]_j:;(G,M) =0, i=1,2.

Proof : The assumption implies H'(G,M) = 0 (Shapiro's lemma), thus it is enough to prove the
second assertion in case M = I[G/H). Note that the restriction of the G-module Z{G/H] to H
(respectively to <h>) always contains the trivial module 7 as a direct summand (it
corresponds to the trivial coset H). Hence the kernel of the restriction map
HYG, 1[G/H) — th H?<h>,I[G/H)) is embedded into the kernel of the restriction map

HYH 1) — hHHH Y(<h>, T), the latter being trivial because of the canonical isomorphism
€

H¥(G, T) = Hom(G, §/1).
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COROLLARY 1.18. The groups H'(G,N), LU;(G,N) and U_]i(G,N), as well as the groups
HYG,N°), I_J_]:,(G,N") and [_[_]i(G,N") are invariants of the similarity class of the
G-module N.

This digression being over we come back to the modules related to root systems.

PROPOSITION 1.19. Let GC W(R), then
LWa(GMR) = LUGPR),  LLa(GMEB) = [LIo(G.QR).
Likewise, if GC W(D,), then
LWe(GMDY) = LLa(GRD,),  LUAGND,) = LL(GD,).
Proof : Dualizing the exact sequence (2) we obtain

(11) 0— 7 — M(R) — P(R) — 0.

By the last lemma ||| :,( G,I) =0, and we get the following diagram :

0 0
1 l 1 l
LoGMEB)  — (Wu(GPR) — 0
! | |
0 — HYGME) — H'GPR) — HYG])

| | |

0 — I HY<g>,MR) — 0O HY<g>MR) — T H?<g>I).
g€ a g€ G pe;

The first statement follows immediately. In the case of M(R) the second statement is proved in
the same way. In the case of N(Dn) the proof is the same with the exact sequence (11) replaced

by (10).

COROLLARY 1.20. Let GC W(A,) =S, |, then |11o(G,QA,)) = LLJa(G,P(4,)) = 0.

Proof : According to Remark 1.9 M(A n) is a permutation module.
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The remaining part of this section is devoted to the computation of [_U;( G,P(R)) and
LUa(G.Q(R)) for R=B_, C, or D

The pair (Q(Bn), W(Bn)) can be identified with a free Z—module of rank n and the
automorphism group of a quadratic form, which can be written as zf .t I?z in some basis
€131 Cypr We call such a basis standard.

The group W(B,) is generated by S, (permuting the coordinates) and reflections
¢;: o s—2(z,¢)e;. Therefore W(B,) is a semidirect product W(B,) = (1/2)"x S

where Sn acts on ¢ by permuting the subscripts. There exists a character

g: W(Bn) — {1} having W(Dn) for its kernel, a(cz-X 6, o cik. a)= (—l)k, where a€ S .

Let us denote the natural epimorphism W(Bn)———b Sn by pr, and set I={1,2,..,n}.
Let GC W(B,), then [ is a union of orbits of pr(G), we denote them by

IG,k’ IIG,k' =, k=1,.1t The G-module Q(Bn) is a direct sum of Q(Bnk), Q(Bnk)
being generated by e, for i€ I, . The representation of G in Q(Bn) yields a
’ k

homomorphism 0§ ;. : G— W(Bnk). Finally we define x .= 0o 0 L€ Hom(G,Z1/2).

LEMMA 1.21. Let <g> be the cyclic subgroup of W(Bn) generated by g. All the characters

X<g> k oTe trivial iff g is conjugate in W(Bn) to an element of S,

s
Proof : Let I= kil I 9>k be the partition of I into pr{g)—orbits, pr(g) = py--Pg being the

‘ S
decomposition of pr(g) into independent cycles. Then ¢ is of the form g= ];I Cy.p,» where
1
Ck= Cz'l"'ci for some elements il,...,i

m
— (_1\™ . . . .
Xego k= (=1)™. Let us check that if m is even then cil...cz.m (12..my) is conjugate to

m € I<g>,k' Therefore 0<g>,k= Ckpk, and

(12..m) in W(Bnk). Consider the action of cil...cim (12..ny)  on the set

{el,...,en » =€ ey }. There is one orbit if m is odd, and two orbits if m is even. In the
k k

latter case one can choose any orbit for a new basis of Q(Bnk). If & transforms {el,...,enk}

; ; -1 -
into the new basis, then A (12...nk)h = cz-l...cim (12"’"k)'
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Before we go over to the main results of this section, let us comment on some properties
of the W(Bn)—module Q(Bn). The above description of this module implies that it is induced

from the one—dimensional G-module <e>, G =< CpyeenrCyy >)an_1. In particular, by
Shapiro's lemma, H'(W(B,),Q(B,)) = H'(G,<e>) = H'(<¢;>,<e>) = 1/2. Note also, that
the W(Bn)—module Q(B,) is autodual since the quadratic form zf+...zfl is unimodular. Also

1 2
Wo(GQB)) = [Lu(GQB,)) =0 (cf. Remark 2.7).
THEOREM 1.22. Let GC W(B,) = W(Cn)’ and let G, be the minimal normal subgroup of G
containing every g€ G conjugate in W(Bn) to an clement of S o Then

La(G,Q(C,)) = Hom (G/ Gy, T/2)/< x g 1o Xy >

Note, that the case of GC W(Dn) is included in the theorem, since the W(Dn)—modules
QC,) and Q(D,) are isomorphic.

Proof : Consider the exact sequence

0—T— M(C))— QB,)—0

dual to (1) for R= B, (here we use the autoduality of Q(Bn)). Using the canonical

isomorphism H %(G,I) = Hom (G,Q/I) we get the commutative diagram whose columns, middle
row and bottom row are exact :

0 - WaGMe))  — 0

| | |

HYG,QB,)) &  Hom(G/T) — HYGMC))  — H¥GQB,)

1 o | |

JHee B b Hon(sp D) — (<> MG)) I H#(<5>05,)
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We put zero in the right hand column since || ] i( G,Q(B,)) = 0. Looking at the diagram

we see that

[_Uf,(G,M(Cn)) ~Im aN Im B/Im (Bo 7) =Im an Im f/Im (ao §)C HG Hom (<¢>, Q/2).
g€

It is not difficult to compute H I(G,Q(Bn)) using the decomposition of the G-module
(B,) into the direct sum of G-modules Q(Bnk) for all pr(G)-orbits I, . Every

G-module @Q(B, ) is induced from any one—dimensional module < e; >,%,.€ I~,. The
ny i k= "Gk
largest subgroup preserving < e; > actson < eik> either trivially or not. In the former case
k

we have

HI(G7Q(Bnk)) = H‘(ag’k(G)) Q(Bnk)) =0,

whereas in the latter

H(GA(B, ) = H0g G, (B, )) =1/2

If the latter case takes place for k= 1,...,s, and the former one for k= s+ 1,...,¢, then surely
HY(G,Q(B,)) = (1/2)°.

Now let us compute the map 4. Let ag, be the generator of H ‘(G,Q(Bn )R
’ k

LEwMA 1.23. Ko ) = X p

Proof : The restriction map  H( W(Bnk)’ Q(Bnk)) — H 1(0G7 KG), Q(Bnk)) is an
isomorphism, hence by functoriality it is enough to prove the assertion for 0 (G = W(Bn ).
! k

In the rest of the proof we fix k, and omit the subscript ¥ when it is not misleading. Let
1 6W
HY(W(B,), M(C,)) — HY(W(B,), Q(B,)) —% Hom (W(B,), ¢/I)

be a piece of the long exact sequence. According to Proposition 1.5, H!( W(B,), M(C,)) =0,
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hence &y, is injective. Let ay;, be the generator of H'( W(B,), AB,)) =~ I/2. We claim that

the character 6W(aW) of W(Bn) is trivial on S, . Indeed, the following square commutes :

1 ‘5W
HYWB,), qB,) —— Hom(WB,), 4/I)

res l res l

HY(S, QB))  —— Hom(S, 4D

Since the S —module Q(B,) is induced from the trivial S ;—module 7 we have
HY(S,, Q(B,)) =0, thus Syfay) is trivial on S . Recall that W(B,) = (I/2)"xS,. The
triviality of 6W(aW) on Sn implies that JW(aW)(ci) does not depend on i. Since 5W is
injective, §W(aW) is a nonzero character. From c% =1 we conclude that
Sylay) € Hom(W(B,),1/2) and  édpfepy)(c)=-1, ie  bpfapy)=o0.  Therefore
Nogp) = xG -

Completion of the proof of the theorem : Let x € Hom(G,Z/2) and o(x)e Imf= II Imf

eG f
(cf. (12)). Lemma 1.23 shows that Im ﬂg =0 iff all X<g> k 1€ trivial. Hence ofx)(g) =0 for

all ¢ conjugate to elements of Sy If ¢ does not satisfy this property then Im ﬂg ~1/2, and
for any xe€ Hom(G,Z/2) we have a(x) g€ Im ﬂg. Thus we have proved that

x € Hom (G, Q/I) is subject to the condition a(x)€ Im 8 if x€ Hom (G, Z/2) and x(g) =1
for any g conjugate in W(Bn) to an element of S . Let G, be the normal subgroup

generated by such elements g€ G, then x is a pullback of some x’€ Hom(G/Gy, Z/2).

Therefore

LLI (G, M(C,)) = Hom (G/ Gy, 1/2)/Im § = Hom (G/Gy1/2)/ < XG XG>

The Weyl group W(Bn) injects naturally into W(B,_,,) as the stabilizer of e

n+1
In fact, if ge W(B,) and

n+1

There also exists a natural injection ¢: W(B n) — W(D, +1).

o(g) =1 let usset p(g) =g, andif o(g) =—1 let p(g)=g. Corl
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PROPOSITION 1.24. For any GC W(Bn) we have [_Llf,(G, Q(Cn)) = UJi(tp(G), Q(Dn+1))'

Proof : Clearly ¢(G), = ¢(G,) since any ge G, satisfies o(g) = 1. Furthermore, the set of

characters {x AG) ) coincides with {xG §} DPlus one more character xo corresponding to the
i
¢(G)—action' on <epi1> By definition Xo(w(9)) = a(g) = I;I X K9) ie.
1 b
<XgpoXg e =< X(p(G’) 1""’X(p(G) pXo > Now the proposition follows from Theorem

1.22.

EXAMPLE 1.25. Let the set {1,...,4n} be the union of 4 nonintersecting sets I= {z’s}, J={ji}h

M={m}, and L={{}, s=1,.,n Let G,C W(B,,) be generated by a = Ciscjs (mt)

and f,=C, Cy (igj)y Gy~ (@/2)*™ We daim that |115(G,, Q(C,,) = (@/2)™ In fact,
s s

(Gy), is generated by a S and G, /(G,)

o T/2)" All XGn,i related to orbits {i,j;} and

2

{myt}, s=1,..,n, aretrivial on G, hence ||],(G,, AC,,)) =~ (T/2)"
Our next goal is to compute UJ:,(G:P(Bn))- This includes the computation of
L[_];(G,P(Bﬁ)) since the W(Dn)—modules P(Dn) and P(Bn) are isomorphic. Note that

1
P(C,) = Q(B,)° = Q(B,), and hence [113(G,P(C,) = 0.
Let us introduce some notation. Let a, , denote the generator of H (G, Q(B,, )) if this
’ k

group is nonzero, and let a, be the sum of all oGk in HYG, Q(B,))) =@ HY(G, Q(Bnk))'

By I g we denote the union of pr(g)-orbits I <>k such that x <g>.k is a nontrivial

character of <g>.

t
THEOREM 1.26. Let GC W(B,), andlet I={1,2,..,n} = U I, be the partition of I into
k=1 % .
pr(G)-orbits. Let F be the subgroup of H‘(G,Q(Bn)) consisting of L oG JE {1,2,...,t},
keJ

such that for any g€ G either (U I~ NI =0 or I C U I.,. Then
kes GF g 9" key Gk

We (GPB,) = F/< ag>.
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Proof : The exact sequence (1) generates the diagram

0 0 0 W (G.M(B,))
| | . | |
GMB)) — I —  HGQB) —  HGMB)) — 0

| | | |

I H(<g>,MB)) — I I — T H(<g>,QB.) — 0 H(<g>,M(B.)) —s
yeG(g (8,) e geG(gQ(")) gea(g (B,))

It follows that U_j:D ( G,M(Bn)) is isomorphic to the subgroup of H( G,Q(B,)) consisting of
IEJ ey J ¢ {1,2,...,s}, such that 7[k§J aG,k] € Im f,, modulo Im 6. In order to compute

6, and B, let us first investigate the case of G = W(B). Then
t
Im & = HY(W(B,),Q(B,)) =< ag> Now let [= kil Igk be a partition of I into

pr( G)—orbits. The restriction map

v: HY(W(B,),QB)) — HAWB, ), QB,) = HWE, ), &B,))

is an isomorphism. Indeed, the following diagram commutes :

HYW(B,), AB,)) —i— Hom(WB,), D)

7] °

HY(WB, ), qBy)  —L— Hom( W(B, ), /D)

(cf. (12)). According to Lemma 1.23, Imé=< o>, and ao § is injective, thus 7 is
also injective, hence it is an isomorphism. It follows that

3
HY(W(B,), _Q(Bn))—okg1 H ‘(W(Bnk), Q(Bnk)) is -just the diagonal injection. Now let
GC W(B,) be an arbitrary subgroup, Iy being pr{G)—orbits. The restriction map
t )
1 1 . . . — . .
1;11 H (W(Bnk)’ AB,)) — H (G,Q(Bn)) is surjective, hence Im § = < a,>. Likewise

(Im ﬂl)g= < a<g>>.
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It follows that 9( £ e, )eIm B iff (4( £ @ =a or 0. Now it is enough
ke GF &, 6= o<g> 5

to note that if IGk is a union of  pr(g)—orbits i=1,..,m, then

I<g>,ki’

m
(%aG,k))g = izl a<g>,ki :



2
ALGEBRAIC TORI AND RATIONAL SURFACES.

V.E. Voskresenskii has suggested the following approach to the classification of rational
varieties ([43], Ch. IV, see also [29], § 4). Consider the natural action of the group g = Gal (k/k)
on Pic X, which is a free Z—module of finite rank (in the discrete topology this action is
continuous). If two smooth projective varieties are k—birationally equivalent, the corresponding
Picard modules are similar. Let us associate to X the similarity class of the g—module Pic X.
The varieties X and Y are called stably equivalent if X kﬂ)z is k—birationally equivalent to

Yx kll”;: for some m,neN. Let £ be the commutative semigroup consisting of stable

equivalence classes of smooth projective rational varieties with the semigroup law given by
Xx E Y. Then the map X+ [Pic X] can be extended to a homomorphism £ — J#]

denoting the semigroup of similarity classes of Z—free g—modules of finite rank.
Let T be an algebraic torus, i.e. a k-form of the algebraic group (Gm k)n, let

T = Hom(Tx kl_c, G, p) be its character module, and let X, be a smooth projective

compactification of T. Associating T to T we obtain the (anti)—duality between the category
of algebraic k—tori and that of continuous (in the discrete topology) Z—free g—modules of finite
rank. We say that a k—torus 7T is split by an extension L/k if Tx g L= (G, L)". Let

G = Gal (L/k), then the category of algebraic k—tori split by L is dual to that of torsion—free
G-modules of finite type. In what follows we shall (by a natural abuse of language) speak about
a torus dual to a G-module N without pointing out either the ground field, or the splitting
field. We denote the dual torus by .

According to [43], Ch. III, § 6 there always exists the minimal field L splitting a given
torus. Moreover, L/k is a Galois extension.

DEFINITION 2.1. The minimal eztension L/k splitting a torus T is called the minimal splitting
field of T or, if there is no ambiguity, the splitting field of T. The group G = Gal (L/k) is
called the splitting group of T.

It is clear that G is nothing but the image of the representation of g acting on T.
Let 4 be the semigroup of stable equivalence classes of k—tori split by L/k let
G = Gal (L/k), andlet p be the homomorphism J— 4 such that p(T) = [Pic )_(T]. The

main theorem ([43], 4.60; [6]) states that p maps J isomorphically to the subsemigroup of 4
consisting of flasque G-modules (a module F is called flasque if H (G’,F) =0 for any
subgroup G’ C G). Thus, a hard geometric problem is reduced to an algebraic one. In
particular, any invariant of the similarity class p(T) = [Pic X T] is also a k—birational invariant

of the torus 7. This is the case, for example, for the invariant H '(G,p(T)).
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The class p(N) can be defined without any reference to the dual torus. There exists a
flasque resolution of G—modules, i.e. a short exact sequence

(13) 0— N S F——0,
where S is a permutation G—module, and F is a flasque one. Then p(N) = [F).

PROPOSITION 2.2. Let N be a torsion-free G-module of finite type,

then H(G,p(N)) = [Llo(G.N).

Proof : (See also (8]). Le¢ 0— N— S— F— 0 be any flasque resolution. We have a
commutative diagram :

| |

We(GR) — ey — 0
| l |
0 — Hl(GvF') - HZ(GJV) - H2(G13)

l | l

0 — II HY(<g>F) — I HY<g>N) — I H?<g>9).
.G € aq € G

It follows that LU:,(G,N) = LU;(G,F). By periodicity, we get

H 1(2< ¢>,F) = HY(<g>,F); F being flasque, the latter group vanishes. Consequently,
L o(G,N) = HY(G,F) = HY(G,p(N)).
The G-module F is defined up to addition of a permutation G-module, the same is

also true for the dual G-module F©° Let us write down a flasque resolution for
F°:0~+ F°— 8§ — F,— 0. Then F, is also defined up to addition of a permutation

G-module, i.e. the similarity class [p(p(N)°)] is well—defined. The following result was
communicated by A.A. Klyachko.

PROPOSITION 2.3. H Y(G,p(p(N)°)) = ||| ;( G,N °).

Proof : By Proposition 2.2 we have U_]i( G,F°) = HYG,F,). Dualizing (13) we get the exact

triple of G—l;nodules 10— F%— §°— N°—0; acting as in the proof of Proposition 2.2, we
1
see that ]| (G,F°) = [||,(G,N), asrequired.
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COROLLARY 2.4. The groups U_Ji(G,N) and U_];(G,N %) are k-birational invariants of the

torus dual to a G-module N.

Remark 2.5. One can construct many other k—birational invariants of the dual torus applying
Corollary 1.18. However, these two ones have some a.dvazntage being expressed in terms of the
G-module N itself. Besides, as we explain below, ||| (G,N) contains some information on

arithmetic properties of the dual torus (in the case of a global ground field).

Remark 2.6. Let A be a linear algebraic group defined over %, and let T be a maximal
k-torus in A. The Galois group g= Gal (k/k) acts on T fixing the set of roots of A
corresponding to T. If A is semi—simple and R is the corresponding root system, then Tisa
subgroup of finite index in the weight lattice P(R), moreover T contains the lattice Q(R)
generated by the roots of R. Under the additional assumption that A is an inner k—form, G
can be embedded into the Weyl group W(R), and we are in the situation of § 1. Theorems 1.22
and 1.26 compute the birational invariants of a maximal k-torus T in a classical group of
adjoint type (an inner form), since in this case T'= Q(R).

Remark 2.7. Let us explain how to prove that [_U:,( G, QAB)) = [_[_]f,( G, (B,)) = 0. To this
end it is enough to establish the k-rationality of the torus T dual to the W(B,)-module
Q(Bn), and to apply Corollary 2.4. However, it is clear that T can be embedded into a k—form
of (IP;C)n as an open subvariety. V.E. Voskresenskii has shown ([44]) that this variety is

k-rational iff it has a k—point.

Now let us go over to the main object of the paper — to rational surfaces. The study of
rational surfaces has three different aspects. The first one is their geometry over an algebraic
closure of the ground field. This is one of the well-understood themes of classical algebraic
geometry. The second problem to deal with is to study the action of the Galois group on divisors
or on some other geometric objects associated to a surface. This part is of algebraic (or
combinatorial) nature. It is somewhat parallel to Voskresenskii's approach to tori. The results of
this theory are essential for the third stage of the study, this one of arithmetic nature. On this
stage one studies rational points on a surface (computing Manin's obtruction to the Hasse
principle, computing the group CH%(X), etc...). One can find a more detailed account of this
subject in [28], [29], [7], [9], [10]. Here we are going to show how the results of § 1 can be
interpreted from the geometric point of view, and point out some consequences, useful for the
study of zero—cycles on a surface; for the details see the next section.

The set of all rational surfaces is, in general, too numerous for a more or less explicit
description. However, many properties (and among them the most interesting ones) do not
depend on a particular choice of a surface in its k—birational class. Therefore we can restrict
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ourselves to studying k—minimal models, i.e. smooth complete surfaces for which any birational
k-morphism to a smooth surface is an isomorphism. All the minimal models over an
algebraically closed field are well-known : these are P? and ruled surfaces F, with n20,

n# 1. If the ground field is not closed, then the classification is much more complicated. Let us
recall some necessary definitions.

DEFINITION 2.8. A smooth rational surface X such that - K X is ample is called a Del Pezzo
surface. The number n= (K)Z{) is called the degree of X; for n> 3 the divisor - K X is very
ample and embeds X into IPZ. The surface X = Xx kE is ﬂ’% with (9 —n) points in general

position blown-up (it means that no three points lic on a line, no five points lic on a conic, etc...,
cf. [29], 2.1.1).

Examples : A Del Pezzo surface of degree 9, i.e. a k-form of P% is called a Severi—Brauer

surface. Among Del Pezzo surfaces there are some complete intersections : that is the case when
the degree is equal to 3 (a smooth cubic in IPZ‘), or to 4 (asmooth intersection of two quadrics

in Pg).
If X is a Del Pezzo surface of degree n, the structure of the Picard group Pic X is

clear : as an abelian group it is just a direct sum of (10 —n) copies of Z; a generator & is the
proper transform of the class of a line in ﬂ’i , and other génerators [i are the classes of the

blown—up points.

The quadratic form given by the intersection pairing is diagonal in this basis:
9—n
-3 2.

i=1 !
The Galois group g acts on X, hence it also acts on Pic X. The action preserves K X
(which is defined over k) and the intersection pairing. It is clear that if D can be contracted by

a k-morphism, then its class belongs to the g—invariant part of Pic X. Therefore the condition
(Pic X)¥ ~ T guarantees k-minimality of X. This is one family of k—minimal rational surfaces.

DEFINITION 2.9. Let Y be a surface endowed with a morphism [ onto a rational curve C, and
suppose that Y is a k-form of Fn with m points blown-up, no fibre of f containing more

than one of these points. Then Y is called a (standard) conic bundle with m degenerate fibres.
The integer (K %,) = 8 —m 1is called the degree of the conic bundle Y.
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Let Oy/ c be the relative tangent bundle, then RC f, 9y/ c isa locally free sheaf of
rank 3 embedding Y into P(R? f, Oy/ c). Each irreducible fibre is a conic, and a degenerate

fibre is a pair of lines meeting transversally. Recall that a conic bundle f:Y— C is called
relatively k—minimal if its fibres contain no contractible lines. In other words, there exists no
k—morphism h: Y— Y’ such that the surface Y” is smooth and is not isomorphic to Y,
where f’: Y’ — C is a conic bundle over the same base C, and f= f’o A.

The Picard group of Fn is isomorphic to Z® Z, let us denote its generators by ¢, and

s, the first one being the class of a fibre of the projection onto P!, and the second one being the
class of the exceptional section. We have (£2) =0, (4,s) =1, (s*) =—n. Therefore Pic X is

the direct sum of Pic Fn and m copies of Z, the generators of the latter groups being the

classes of the blown—up points. Denote them by £;,...,¢, ; we have (¢ i N4 ]) =-4; i

LEMMA 2.10. For m?2> 1 there ezists a basis £, £, ll,...,lm in the lattice Pic Y such that {, is
the class of a fibre of f, and ll,...,lm are the classes of the components of degenerate fibres,

one from each. We have (Z_%) = (L li) =0 for i2 1, and (£, lo) =1

Proof : Set [; = lo—l then all the intersection numbers are as before except for

i )
(s l'z-) =1-(s ti). Therefore we can set (s, lz-) =0 for i21. Set s =5+ { + ¢, then all

the intersection numbers are as before except for (s’2) = (s?) + 1. Iterating this substitution we
obtain the required result.

PROPOSITION 2.11 ([21]). Any k-minimal rational surface is isomorphic to one of the following
list : ﬂ’i , @ quadric Qc IP?c with (Pic Q)® ~1, Del Pezzo surfaces X of degree n (n#7)

with (PicX)¥=1. Ky, conic bundles Y of degrece n (n#3,5,6,7, and Y# F;, for
n=28) with (Pic V)9~7e L.

Let us remark that if (Pic ?)g ~7® I, then for n# 8 this group is generated by & and
v
The condition (Pic V)9~7.401.K y 8uarantees relative k-minimality of Y,

K

although, in general, such a surface must not be k-minimal. However, by Proposition 2.11 a
relatively A-minimal but non—k-minimal conic bundle can appear only if its degree is equal to
3,5,6, 7Tor8.
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THEOREM 2.12. a) Let X be a Del Pezzo surface of degree (9 —n) with 3< n< 8, then there
ezists an isomorphism o : Pic X — M(En) mapping the intersection form to the quadratic form

(5) multiplied by —1, and such that the orthogonal complement to o(K ) in M(En) is Q(E,).

b) Let Y be a conic bundle with n degenerate fibres, then there exists an isomorphism
g:PicY— N(Dn) mapping the intersection form to the quadratic form (7) multiplied by —1,

and such that the orthogonal complement in N(Dn) to the sublattice generated by o K Y) and
o(by) is Q(Dn)‘

Proof : According to Remark 1.11 the quadratic forms on M(E,) and N(D,) are indefinite

and, by Theorem 1.10, unimodular. The signature of each form is equal (up to a sign) to the
signature prescribed by the Hodge index theorem. Therefore they are isomorphic (as quadratic
forms) to the intersection forms on Pic X and Pic Y, respectively.

Using the Gram—Schmidt orthogonalization we can construct the isomorphism o

satisfying the required condition. Let ay,...,a, be a basis of the root system E,, and let

n
{al,...,an,ﬁ} be a basis of M(En) such that the matrix of the quadratic form coincides with
(5). Set o(t,) = b, o(t, 1) =a,+5, 10(ly) = ag+...+a, + b,
o(t) = oy + ogt..ta, + B, o(f) = o + oy + 204 + 3(ay+...Fay) + 30.

Induction shows that 4 is an isomorphism of quadratic forms. Besides,

n
Ky=— 36, + 151 ¢,

o(Ky) = (n-9)8—2a; —3ay — dag — _34 (10-i)a; = (n—9)(b+w,)
1=

(see the formulae for fundamental weights in [3], Ch. VI). Since <§, ap> + <wp, 0> =0 for
all 4, it follows that o(Ky) is orthogonal to AE,)-

The construction of an isomorphism o : Pic ¥ — N(D,) is similar. Let aj,...,a, bea
basis of the root system D, and let {a yeons Qs By 1} be a basis of M(D,) such that
<0, a> =—<w, o>, <7, 0> =-<w,a>, i.e. in this basis the matrix of the quadratic
form coincides with (7). Set o)) =4, oly)=F=a, ollg) =+ + ..,
o(t) =B+ o+t a

o(f) =28+ 2(a) +t oy )+, +a, ol )=1 A

n—-1’ n—2
straightforward computation shows that ¢ is an isomorphism of quadratic forms. By the
adjunction formula we have (K ) =-2 and (K pf) =—1 for i2 1, on the other hand,
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n
(K}) =8—n, therefore Kyy=-2(¢_;+¢) + 1}_231 4. It follows that
n
o(—2¢_; + iﬁl t)=-27+ 0B+ (n-l)oy+..+a, . Note that o(fy) = 2(B+w)),

n
o(=2¢_; + I ¢)=n(f+w) —2(r+w,). The theorem is proved.
=1

COROLLARY 2.13. The group of automorphisms of the lattice Pic X (respectively of PicY)
preserving the intersection form and K e (respectively K Y and () is isomorphic to the Weyl

group W(Eg—n) with n equal to the degree of the Del Pezzo surface X (respectively to
W(Dm) with m equal to the number of degenerate fibres of the conic bundle Y).

Proof : Follows from Proposition 1.15.

DEFINITION 2.14. The image of the Galois group g under the action on Pic X is called the
splitting group of the rational surface X. The fized field of the kernel of this action is called the
splitting field of X.

This definition is analogous to Definition 2.1.
According to Corollary 2.13 the splitting group G is a subgroup of W(R) with R= D,

or E, and the G-module Pic X is isomorphic to M(E,) or N(D,). As in the case of

maximal tori in adjoint groups, the problems arising here concern the study of the module
M(R). However, if two surfaces are k-birationally equivalent, the corresponding Picard modules
are similar; therefore, any invariant of the similarity class [Pic X] is also a birational invariant
of X. This is the case for H'(GPicX), [|J}(G,PicX), and [|]2(G,PicX). From
Section 1 it is clear how to compute the latter invariants.

Note by the way that the tori dual to the W({R)—modules M(R) and Q(R) are stably
equivalent. This follows from Voskresenskii's theorem ([43], Ch. VI, §2) and the exact
sequence (1).

DEFINITION 2.15. Let X be a rational surface defined over o field k. The algebraic torus dual to
the g-module Pic X is called the Néron-Severi torus of X.

All these invariants play an important role in studying arithmetic properties of a surface.
Let k be a global or a local field of characteristic 0, and let X be a rational variety (complete

and smooth), then there exists an exact sequence

0 — Pic X — (Pic X)? — Br k— Br X — H(k, Pic X) — 0,
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where Brk is the Brauer group of % (the group of classes of central simple algebras), and
BrX= H’ét(X, Gm X) is the cohomological Brauer group of X (it coincides with the group of

classes of Azumaya algebras on X) (cf. (28], [10]). Let k& be a number field. We say that the
Hasse principle holds for X if the condition X(kv)# ¢ for every place v of the field k implies
X(k)# 9. Each class A€ BrX determines the map "value at a point" : X(k) — Brk, and
X(kv) — Brk, Local class field theory yields an embedding inv, : Br k, = Q/Z. Define the

map i, : Il X(kv) — Q/T by iA(z) =X z'nvv(Az ). The reciprocity law states that if z€ X(k),
v v v
then X inv, (A ) =0. Therefore, if X(k )# @ for every v but n _ Keri, =0, then
v V7 v AeHY(kPicX) A
the Hasse principle fails to hold for X. This obstruction is called the Manin obstruction to the
Hasse principle.

PROPOSITION 2.16 ([10]). Let B(X) denote the group of classes of locally constant Azumaya
algebras modulo constant algebras (5(X) is the image in H'(kPic X) of the kernel of
BrX— 1l BrX, /Brk). Then B(X)C [l]; (G, Pic X).

v

Proof : We have an exact sequence

0 — B(X) — H(G, Pic X) — I #Y(G,,, Pic X),
v

where G is the splitting group of X, and G y i the splitting group of X y From Chebotarev's

density theorem it follows that for every g€ G there exists a valuation v such that
G, = <g>.

Remark 2.17 ([10]). Let % be a number field, and assume X(k)#0 for every v. Then

Manin's obstruction associated to b(X) vanishes if and only if the exact sequence of g—modules
1 — B — B(X)* — E(X)*/k* — 1

splits.

Conjecturally, if we restrict ourselves to rational surfaces, then Manin's obstruction to the
Hasse principle is the only one. Thus, if H!(k, Pic X) = 0, then the Hasse principle holds for X
(see [36] for discussion of some results in this direction).

On the other hand, let X be a rational surface, and let CHy(X) denote the Chow group
of zero—cycles on X. Let  Ay(X) = Ker [CHy(X) 48—~ 7]  be the group of zero—cycles of
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degree 0. Let SX be the Néron—Severi torus of X. There exists Bloch's homomorphism
$:Ay(X)— H ‘(k,SX), cf. [2]; if k is local or global, then ¢ is injective [4]. Let &k be a
number field. Then there exists the commutative diagram with exact rows, defining || ]A4,(X)

and [[]*(Sy) :

0 — [[JA4p(X) —— AX) — ?}Ao(xv)

! | |

0 — YSy) —— H'(kSy) — 0 H'(k,
v

S4) .

Tate-Nakayama duality implies that []]'(Sy) and U_Jz(k,s'X) = ||k, Pic X) are dual to
each other ‘as finite abelian groups (|||%(k, Pic X) denotes the kernel of the map

H*(k, Pic X) — II H"’(kv, Pic X)).
v

PROPOSITION 2.18. There ezists a natural embedding of groups
(14) LLJ?(k, Pic X) = [1J2(G, Pic X).
Proof : It is analogous to the proof of Proposition 2.16.

Conjecturally, there exists the following exact sequence

0— LLJ(Sy) — Ao(X) = Ag(X,) — H'(k, Pic X",
v

reducing the computation of Ay(X) to the computation of Ay(X v) [9] (cf. the note at the end

of Section 0).
To conclude this section, let us return to tori and recall Voskresenskii's theorem ([43],
Ch. VI, § 7) which computes the cokernel of the homomorphism (14). Let G be a linear

algebraic group over a global field k, and let G(k) be the topological closure of the image of
G(k) under its diagonal embedding into II G(k,). The group A(G)=1I G(k,)/ G(k) is called
v v

the weak approzimation defect, it is a birational invariant of G. Let T be an algebraic torus,
then the quotient ||]2(G,T)/|1)%(G,T) is dual to A(T).
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3
INTERSECTIONS OF TWO QUADRICS IN IP;‘c AND CONIC BUNDLES

Recall that for d= (K)z() 2 3 the anticanonical class — K- embeds a Del Pezzo surface
X into [Pz, and the image is a smooth surface of degree d. According to Theorem 2.12 the
orthogonal complement to Ky in Pic X is the lattice Q(En) generated by roots, here
n=9-d, 3¢ n<8. For d=4 this fact has a nice geometric interpretation.

It is well known that a Del Pezzo surface of degree 4 is defined in IP?C as a geometrically
integral smooth intersection of two quadrics X = @Q,N @,. Let us consider the entire pencil of
quadrics containing X: Q= Qo+ A Q,, A€k Assume @, and Q. to be nonsingular.
Singular quadrics of the pencil correspond to the roots of the polynomial P()) = det(@,). Since
X is smooth all the roots A, of P(A) are distinct [31], therefore precisely 5 quadrics of the
pencil @ are singular. These are cones over smooth quadrics Q? in ﬂ’% By v; we denote the
vertices of these cones. Since QI; S ﬂ’ix ll’;c, we have Pic Q? » Pic @;~ I® 7. This group is

. and a projective line

generated by classes of projective planes passing through the vertex v;

belonging to one of the two pencils on !P;Cx IP;C. We denote these classes by h:. and h;.. Each
of the planes intersects X in a conic qii N @, (by abuse of notation we denote by qi; both the

conic and its class in Pic X).

PROPOSITION 3.1. In Pic X the following relations hold :
a) -Ky= q;-+ G forany i,

2 2 )
b) (¢;)=(q;) =0, (¢;. ¢) =2 forany i,

c) (q*i . qj.) =1 for it j (for all combinations of signs + and —).

Proof :
3
a) Choose L« !I’TCC ﬂ’% in a special way. Namely, let L contain i and let the projection of

L from v; be tangent to Q. Then LN Q;= kU h;, hence Ln X = g}u g;
b) The projection from v; represents X as a double covering of Q‘- y PTy X— Q?. Hence if

oAb
{, me Pic Q;» then (pr’; L. pr"; m)X= 2(£.m)ng , and b) follows.
i
c) By definition of qii we have (qiz. . qj-) x= (h*i . qj.) e) = (h*i . hj)ll"* =1
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COROLLARY 3.2. The orthogonal complement to K X in Pic X is generated by q:;- - q?- for all

possible choices of + and — Equipped with a quadratic form (intersection pairing), this lattice
is isomorphic to Q(D;) with the usual quadratic form given by the Cartan malriz.

Proof : It is easy to check that the intersection matrix of ¢i—¢;, 61— ¢, & —d, ¢ — 0,
¢: — ¢¢ is the Cartan matrix of the root system D,. The discriminant of this lattice equals 4.

The intersection pairing defines a unimodular quadratic form on Pic X, hence the discriminant
of the orthogonal complement to K equals (K%) =4 since Ky is not divisible in Pic X. It

follows that Kj{ is generated by q*i - q*]. .

Let us extend the W(Dg)-action on Q(D;) = {7€ Pic X| (1.K y) =0} to the entire
group Pic X so that K x s W(Ds)—invariant. Then the set {qi, gi,...,&, ¢} with
W(D,)—action can be identified with the graph A (cf. § 0, Fig. 3).

Now let us consider the configuration of lines on X. Note that the projection of
11 z 1
QI; ~ lP7cx [PTc onto any factor equips X with a conic bundle structure over IPE. Its fibres are

conics of the pencil g; (respectively of qz) In view of 3.1 a) it is natural to call ¢; and ¢;

complementary pencils. Degenerate conics in any of these pencils can be described for example in
the following way.
4
Let us choose a coordinate system (z,...,2,) on 11’7c such that v;= (1,0,0,0,0). Then Qi

is given by a quadratic form in z,,...,z, , and @, after a suitable linear change of coordinates is

given by 12— Q; (2y,.-.,7,). The projection pr; from v, pr;: (Zgs ByyerrsTy) b= (Ty5eesy),

b

makes X a double covering of the quadric given by Q; =0 with the equation

72 = Q¢(2y,...,5,), ramified along a smooth elliptic curve C= Q4 n Q? . Let (=~ IP;c lieon X.
Then pri(l):lPi lies on Q?. However pr;‘(ﬂ’i):(fu ¢ only if IP;U is tangent to C. The
number of such lines belonging tP one family on Il’%x IP;C equals the number of ramification
points of the covering C— IPE, which is given by the projection of IP;cx IP% to the

corresponding factor, that is 4. Above these 4 lines there lie 4 pairs of lines on X, which
constitute the degenerate fibres of one of the two complementary pencils of conics. The entire set
of these 16 lines forms the configuration described by the graph I' ([28], Ch. IV, § 4; cf. § 0,
Fig. 1). Recall (28], Ch. IV) that the classes of lines in Pic X are precisely the classes ¢ such
that (LK X) = ({%) =-1. Each class contains only one line. This gives an injection

W(D;) = Aut I', which in fact is an isomorphism.
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The Galois group g= Gal(k/k) acts on T. It is often useful to know the partition of T
into g-orbits. For example, H!(k, Pic X) depends only on the partition ([28], Ch. IV, 9.3).
Recall that X is k-minimal (section 2) iff there is no g—invariant set of pairwise
nonintersecting lines on X, i.e. there is no g—invariant subgraph of I' with the property that
any two vertices of it are not joined.

DEFINITION 3.3. A subgroup GC W(D;) is called minimal if T has no G-orbit such that any two

vertices of it are not joined.

This property holds for a splitting group G of X iff X is A—minimal.
The complete list of all possible partitions of I' into G-orbits for minimal subgroups
GC W(D;) is obtained in (28], Ch. IV, table 2 (see § 0, Figure 4). The types are always

numerated as in Figure 4. A type A is called a subtype of a type B, if after the action of a
suitable element of W{(D;) the partition of type A becomes a subpartition of the partition of

type B.
Starting with the list of all possible types V.A. Iskovskih [20] proved that if a Del Pezzo
surface X of degree 4 is k-minimal then either (Pic X)8=1. Ky, or (Pic X)¥~I01 In

the latter case (Pic )’()gl is generated by q‘;. and ' for some i. Thus X has two different

conic bundle structures, each defined over k. Since the property of being a component of a fibre
of such a conic bundle is g—invariant, the partition of ' into g—orbits is a subpartition of the
following one : the 16 lines are divided into two orbits, each containing 8 lines, such that each
orbit consists of lines which project to one family of lines on the quadric QI;: Cix Gy,

Ci~2Cyx IP%. This partition is of type XV (see Figure 4). On the other hand, according to 2.13
the group of automorphisms of Pic X, preserving K P and the intersection pairing, is
isomorphic to W(Ds). From 3.2 it follows that no element of W(D;) acts trivially on the set of
rational equivalence classes of conics q*;.. Considering the intersection matrix of qj obtained in
3.1 we see that this action is the "usual" action of W(D;) on graph A (see § 0). The stabilizer
of ¢i in W(D;) is isomorphic to W(D,). This injection was called standard in § 1. Summing

up we get the following statement.
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COROLLARY 3.4. Let X be a k-minimal Del Pezzo surface of degree 4. The following conditions
are equivalent :

i)  rkPic X)® = rkPic X = 2;

ii) the type of the partition of T into G-orbits is a subtype of type XV;

iii)  the splitting group G of X is conjugate to a subgroup of W(D,) = <cy¢5,(23),(2345)>;

iv)  there ezists @ k-morphism f: X — C onto a rational curve C, representing X asa
conic bundle with 4 degenerate fibres;
v) if X=0yn Q,, Q and Q, being nonsingular quadrics, then

a) the polynomial det(Q, + A Q,) hasaroot A\, in k,
b) for any hyperplane H such that the restriction of Q= Qy+ )\ Q, to H is

nonsingular, we have det (Qy| p) € (K*)%

Proof : The equivalence of i), ii), iii) and iv) is proved above. Let us prove that.v) is equivalent
to iii). The pair {qj, g} is g—invariant, hence the quadric @, is defined over k The

equivalence of v) b) to the property of ¢; and ¢ to be individually g—invariant follows from

the following fact.

LEMMA 3.5. Let Q be a smooth quadric in P2, then Pic Q=10 I iff det Qe (k*)2

Proof : The quadratic form @ can be reduced to a diagonal form (22 — az3) — b(2% — cz2),

det @ = act®. The two families of lines on @ are then given by the equations :

{Ix'h/-&’b = i(z3 +Vcz,)
i —yoz, =btYzy -yC2y)
{31 +Vez, =iz -ycz,)
5 —yez, = bt a3 +yC3y)

Each family is g—invariant iff k(/a) = k(/¢), i.e. a= cr? for some 7€ k.

Remark 3.6. As we have already mentioned, the image of the standard embedding of W(Dy)
into W(Ds) preserves qj and hence the fundamental weight w, =¢, ([3], Ch. VI, 4.8).

Proposition 1.14 states that the W(D,)-module M(D,) is isomorphic to N(D,) (this also

follows from the above geometric description of Del Pezzo surfaces of degree 4 with
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Pic X~ 7 + Z). Let us also note that a subgroup GC W(D;), which in fact belongs to W(D,),
is minimal iff rk N(D,)C = 2.

The remaining part of this section is organized in the following way. First we recall a
result of Iskovskih describing all relatively k—minimal conic bundles of degree 4. The study of
anticanonical models of these surfaces leads us to the conclusion that any such surface is
k-birationally equivalent to a Del Pezzo surface of degree 4. This is valid when & is large
enough, for example, infinite; as we suppose it to be throughout this paper. If % is small, there
exists a unique counterexample, for k=[F; [41]. This provides an answer to a question of

Iskovskih ([22], § 2, remark 1). Then we try to obtain some necessary and sufficient conditions
for a Del Pezzo surface of degree 4 to be k-birationally equivalent to an Iskovskih surface.

Here are some useful facts extracted from the proof of proposition 1 of [20]. The
anticanonical class — K X of a relatively A—minimal conic bundle X defines a k—birational

morphism A: X — Y, such that either % is an isomorphism, Y being a Del Pezzo surface, or
it contracts a curve from the class — K x—2 £, to a singular point (here £ € (Pic )_()g is the

class of a geometric closed fibre of f: X— C). In the latter case this curve splits over a
quadratic extension of k into two absolutely irreducible smooth rational curves, each of them
having self-intersection —2. Hence Y has two singularities (double points of type A4,)

conjugate over k In the former case (when A is an isomorphism) the linear system
| = Ky—24| isempty.

Note that according to Proposition 2.11 any relatively k—minimal conic bundle of
degree 4 is k-minimal. In this case (Pic X)9 =1 Ky + 1 4,

DEFINITION 3.7 [14]. An Iskouvskih surface is a geometrically integral intersection of two quadrics
Y in “)149’ having precisely two conjugate double points, with the property that the line joining

them does not lie on Y.

PROPOSITION 3.8. The anticanonical model of a relatively k-minimal conic bundle of degree 4,
such that |—K x—2 f| is not empty, is an Iskovskih surface. Conversely, the minimal

desingularization of an Iskouskih surface has a conic bundle structure defined over k, such that
if 4 isthe class of a fibre, then |— KX— 2 | is not empty.

Proof : The Riemann—Roch theorem gives

WX, 0(=2Ky)) = B(X, 0(=2Ky)) + B(X, 0(-2Ky)) = (KR +1=13.
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By Serre duality A%(X, 0(—2Ky)) = kX, 0(3K y)) = 0, since (Ky.C) <0 for some curves C
on X. Let us prove that A'(X, 0(=2Ky)) = k(X, 0(3K)) =0. Let C be a curve from

|—2K XI . There is an exact sequence of sheaves
(15) 0—— O(Ky— C) — 0(Ky) — 0(Kx)® gp— 0.

Since X is rational, Serre duality yields A'(X,0(Ky)) = A#'(X,0) =0. On the other hand
(X, 0(K X® %)= w(Cco(K b C) =0 since (Ky. C) <0. Now the long cohomology exact
sequence provided by (15) implies A'(X,0(Ky— C)) = h'(X,0(3Ky)) = 0. Therefore we have
h(X,0(-2Ky)) =13. Let Y be the image of X in P} Since AO(P},0(2)) =15, Y is
contained in at least two quadrics @, and (., The degree of Y equals 4, thus
Y=@,n Qm. An effective curve from | — K X~ 24| is clearly contracted to a singular point
on Y, since (—K x —K X—-2lo) =0; the two singular k—points correspond to the two
components. The singularities are rational of type A,, since the self-intersection of each

component equals — 2. Suppose that the line v joining the singular points lieson Y. Let b be
its class in Pic X. We have (- Ky.0) =1, (-Ky-26.0) =2, hence ({.b) is not an

integer. The contradiction proves our claim.

Let us prove the converse. In the pencil of quadrics defining Y there exists the unique
(and hence defined over %) quadric containing the line v joining the singularities of Y.
Indeed, the condition that a quadric @ contains a point z€ v\Y gives one linear restriction on
the coefficients of Q. Therefore (since z¢ Y) such @ is unique, we denote it by @, Three

different points of v lie on ,, hence vC @, The line v intersects Qc° transversally, and
the intersection points are both singular on Y= @,n Qw. Thus vcC (Qo)sing- Since
(Qo)singn Qoo ¢ Ysing and Ysingc v, we see that v = (Qo)sing'

The same method shows that there are no more quadrics of rank 3 in the pencil
=@+ Qco , and the polynomial A"2det @, has no multiple roots. Assume Qw to be

smooth. Let M be the 2—dimensional k-vector spa,ce'such that P(M)=v. Since Q |, is
nondegenerate, Q | ;-1 is also nondegenerate (M 1 is the orthogonal complement to M with
respect to Qm). Let z, and z, be the orthogonal coordinates on M, and z,, z; and z, be
the coordinates on M*. Then Q, is of the form 2§ — az} + Q/(2,737,) =0, and Q, is

given by Qg(xg,:c3,z4) = 0. Consider the projection pr from v, pr: Y\ Y, , — Qgc P(M*).

ing
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Since Y, .C v, a look on the Jacobian matrix of Y reveals that the set Qb =@ =0
sing 0 ‘0

consists of 4 distinct points. The equations show that the fibres of pr are conics, and exactly 4
of them are singular. Let Y be the proper transform of Y with respect to the blow—up centred
at Y Clearly Y is the minimal desingularization of Y, and pr can be lifted to a
morphism f: V— Qg defining a conic bundle structure of degree 4 on V. The two
components of the exceptional curve are conjugate over k. By the adjunction formula — K Y
is the class of a hyperplane section on Y. Therefore — K v is the proper transform on Y of

this class. By e€ Pic ¥ let us denote the class of the exceptional curve, then the equations
(eKy) =0 and (e.fy) =2 imply e€ |- Ky —24)|.

Remark 3.9. The second part of the proof was influenced by the proof of lemma 2a of section 9 of
[12].

Note also that theorem 7.2 of [14] states that if a singular intersection of two quadrics
Yc IP; is k-minimal (in the sense that its minimal desingularization is k—minimal), then Y is

an Iskovskih surface.

Remark 3.10. Assume that there is a k-rational point on the conic Qg. Then up to a linear
transformation Qg is of the form z, z; — 32 =0. Let z, = 1%, z, =}, z, =zt be a rational

parametrization, i.e. an isomorphism Qg o~ IP;C. Substituting these expressions into the equation

of Qg we get a surface
(16) 7% — a2 = P(z,t)

P(z,t) being a homogeneous polynomial of degree 4 without multiple roots. The natural smooth
compactification of the affine conic bundle (16) is called a (generalized) Chatelet surface (cf. [7]).
This compactification can be constructed in the following way. Let

v —a = f(z) £
and
Y2-aZ?%=f()") T2

be the equations defining surfaces in ﬂ’ix A. Let us glue them in ﬂ";’cx (A}C\O), putting

y=Y, 2=2, t=A'T, 2=\ The fibre over t=c is smooth iff the leading coefficient of
f(z) is not zero.
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The condition Qg(k) #0 is equivalent to the condition that the class ¢, of a closed

geometric fibre of f: ¥— @0 is defined over k ie. € Pic . This is equivalent to

Pic ¥ = (Pic ¥)¥, i.. to the condition that the natural homomorphism Brk— Br ¥ is
injective (cf. the exact sequence after 2.15). Both conditions are clearly satisfied if Y(k)# 0. We
reformulate Proposition 3.8 as follows.

COROLLARY 3.11. The minimal desingularization X of an Iskovskik surface satisfying any of the
equivalent properties :

i)y  Pic X = (Pic X)%;

ii) the natural map Brk— Br X is injective;

is isomorphic to a (generalized) Chatelet surface.

COROLLARY 3.12. Any relatively  k-minimal (generalized) Chatelet surface is biregularly
isomorphic to the minimal desingularization of some Iskovskih surface.

Proof : Let us write the equation of the Chatelet surface X in the form

73 — az? = P(z,t)52.

The curve on X given by 1z, =0 1is g—invariant. It is easy to check that its class is just

~Ky—214

Remark 3.13 : It is not difficult to obtain the equations of two quadrics defining the

anticanonical model of X. Let 3?— a2’ = P(z) be the equation of the (generalized) Chételet
4 .

surface X. Set w=121% If Pl)= L o ', a,#0, then the anticanonical model is the

=0

intersection of two quadrics Y:

{yz—azz= ao + 6gu + a,u? + 0,3 + ayzu
2
=

Remark 3.14 : Consider an Iskovskih surface Y, and let X be its minimal desingularization.
The group of automorphisms of Pic X preserving K X {, and the intersection pairing, is the

Weyl group W(D,) (Corollary 2.13). The splitting group G of X acts on degenerate fibres of

f:X~— C, hence on the 4 singular points of these fibres. Here is a funny statement (the proof
is left to the reader). Let z,,...,z, be the intersection points of the 4 pairs of lines on Y. Let
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@, @, and @; be the quadrics of rank 4 in the pencil @, = @y + A Qw, vy, Uy, U3 being

their singular points (the vertices of the cones). Then the points v, are the intersection points of

the lines joining z; and z; (see Figure 5).

Figure 5

In particular it follows that G acts on {v,, v, v;} via the map G = W(D,) —%— §, L, Ss,
where « is the natural projection corresponding to the action on {z,,...,z,}, and f is the

factorization by Klein's Vierergruppe.
The proper transform on X of a conic on an Iskovskih surface is also called a conic.

LEMMA 3.15. Let Z be a Del Pezzo surface of degree 4 (respectively, an Iskovskih surface). Let
q*z-, i=1,..,5, be the one-dimensional linear systems of conics on Z cut by the planes lying on

the quadrics Qi of rank 4 of the pencil @, = Q, + /\Qw (respectively, let £, and q*z.,

i1=1,2,3, be the one-dimensional linear systems of conics on Z cut by planes lying on the
quadric @, of rank 3 and on the quadrics Qi of rank 4 in the pencil Q = Q, + /\Qm).

Then any conic on Z belongs to one of these families.

Proof : Let L~ ﬂ’% be the plane passing through a conic ¢C Z. Since Z contains no plane,

there is a unique quadric @ in the pencil @y which contains z€ L\ Z. Then @ contains any
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line ¢ passing through z, since it contains 3 distinct points of ¢, Thus @ contains L. This
can happen only if 7k Q< 4.
If Z is a Del Pezzo surface, "k @ =4 and Q= Qi for some i, i=1,.,5. If Z isan

Iskovskih surface, then either 76 Q=3 and Q= @, or kQ=4 and Q= Qi for some i,
i=123.

Let us fix some notation. Let x:X— Y be the minimal desingularization of an
Iskovskih surface. Let f: X — Qg be the natural conic bundle over the base of the cone defined

by the unique quadric @, of rank 3. By RC Qg we denote the minimal subscheme outside of
which f is smooth, i.e. RC Qf,’ consists of 4 points over which the fibres of f are singular.
On X there are two irreducible curves S; and S, with (Sf) = (.Si) = —2 (the inverse images
of singularities of Y). Let Sy bethe k-subschemeof X suchthat Sy = 5,U S,

We say that a curve C on X is a line (respectively, a conic) if it is a proper transform of
a line (respectively, of a conic) on Y.

LEMMA 3.16. There ezists a positive number N such that if card k> N and X is ¢ minimal
desingularization of an Iskovskih surface Y defined over k, then the following properties hold.
a) If X(k)#0, then there ezist k-points on X which do not lic on lines of X.
b) If X(k)=9 and X(K)#0 for some quadratic eztension K/k, then there ezists a
g-invariant pair of points z,,7,€ X such that each of them does not lie on lines of X, and they

do not lie both on one conic of X.

c) Let X(K)=0 for all quadratic eztensions K/k. Then therc ezists ¢ g—invariant
4-tuple of points z,,...,1,€ X, such that f(zi) # f(zj) for it j, none of these points is mapped
to a singularity of Y, and there does not ezist a g—invariant pair of irreducible curves W, and
Wy on X with (W;.h)=1, (W)=2, (W; . Ky)=~4, and W0 W,={g,..,2,}
(scheme-theoretically).

Proof : a) If k& is infinite, the statement follows from the k—unirationality of X (cf. [14],
Lemma 7.1), therefore k-points on X are Zariski—dense. If % is finite it is enough to use the
Lang—Weil theorem.

b) First of all note that if & is finite, X(k) is always non—empty (cf. [28], IV.5.1,
Corollary 1); therefore in what follows we suppose that & is infinite.

Let us first prove that X K 18 K-unirational. If Y has a smooth K—point, we just use

the same lemma of [14]. The only case left is when all the K—points of X are mapped to the
singularities of Y. In this case each singularity is defined over K, the 4 lines passing through
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one of them are globally Gal (X/K)—invariant. Contracting these lines on X we obtain a ruled
surface. The only section having negative self-intersection is the inverse image of the other
singular point of Y. This is a smooth K-rational curve with self-intersection —2. Contracting
it we obtain a quadratic cone with a K—point on its base.

In what follows we use Weil's descent variety R / KX K)‘ cf. [45). We need the following

SUBLEMMA 3.17. Let L/k be a finite Galois extension of degree m.
a) Let Z be an L-unirational L-variety. Then R /k(Z) is @ k-unirational k-varicty.

b) Let X be a k-variety such that X )7 is L-unirational. Then S™X is k-unirational

Proof : a) The dominant map AZ —+ Z yields a dominant map N,’gm Ry / k(AZ) — R / (2).
b) By definition, Homk(S,R I/ k(X 1)) = Hom LSpX ) for any k-scheme S. Thereis a
natural map R, / k(X L) — S™X which can be defined on E—points as

7 : Hom(Spec E,RL/k(XL)) ~ Hom(Spec(L® B).Xp) = X(k)™ — Hom(Spec k, S™X),

sending a (L® k)—point, which is an ordered m—tuple of %—points, to this very m~tuple
unordered. This morphism is dominant since dimk(SmX) =dim(R / K X)) and it is finite.
The sublemma is proved.

Now we can complete the proof of b). Consider bad k—points of R K/ K Xp), ie. such that
the corresponding pair z,,7,€ X (we can also view z,,7, as conjugate elements of X(K)) does
not satisfy the conditions of the lemma. We are going to prove that bad k-points of R K/ K Xg)

are contained in a Zariski—closed subset of smaller dimension. Then from Sublemma 3.17 and
K—unirationality of X Ko it will follow that good k—points are dense on R K/ k(X K), which will
prove b).

First of all it is clear that R K/ K(Sx) ) is closed in R K/ K Xp) and does not coincide
with it.

Let o be the non—trivial element of Gal(K/k), it becomes a k—automorphism of
Ry / Ic(X K)‘ Let us first look at the case when z and oz both belong to a conic from the pencil

q;., i=12,0r3. If z and oz also belong to a conic from the pencil ZO ,q}- or q}, j# i, then
since (g .fo) = (g} - qi;.) =1 (cf. Proposition 3.1) we have either z = ¢z which is not true, or

these two conics have a component in common. But this component is a g—invariant line, which
is impossible since X is A-minimal. Assume that there is no conic from the pencil '
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containing z and oz. The Galois group g acts on the set of conic pencils by permutations.
Since q; is the class of the unique conic containing the g—invariant pair (z, oz), we have

g;€ (Pic X)9. However this contradicts (Pic X)8 = 1K 'y + iy (Proposition 2.10).

We have proved that z and oz are necessarily the two intersection points of a conic
from the pencil q‘z‘. and a conic from the pencil 0 It follows that the line joining the images of

z and oz on Y passes through the vertex v; of the cone Qi‘ Let us prove that the set of
points z satisfying this property is Zariski—closed in R K/ /c(X K)‘ Note that Qi is defined over
k. Let the coordinates z,...,z; be such that ' is a quadratic form in z,..,7, and
v; = (1,0,0,0,0). The anticanonical model Y of X is given by Qi(zi,...,x,;) = Qp(zgy--2y) = 0.
We can assume that @, is of the form 22 + Q¢(zy,...,z,), where Qp is a quadratic form of
rank 2. Since z, oz, and v; are collinear, it follows that
0(z) = 0(2,1,%9,%3,84) = (—T,Ty,%,%3,%4), Wwhere by abuse of notation we denote by z its
image on Y. This defines a Zariski—closed set V;. It is clear that Vi# R K/ #Xg), which is

enough to check over £.
Likewise if z and oz both lie on a conic from the pencil [, then this conic is

g—invariant. In particular, if the coordinates are chosen in the same way as in the proof of
Proposition 3.8, then o(z,) =12,, o(z;) =23, o(z) =z, Let V, be the closed subset of

R K/ (X)) defined by these equations. Again Vy# R K/ HXg), which is clear if one checks it

on k—points.
¢) We want to find a k-point z=(z,...,5,) on S'X, outside the following closed

subsets : V= {z| flz) = f(:zj) for some it j 1< 4,j< 4}, Vo= {z]| f(zi)e R for some
Li=1,.4}, V3= S‘SX, and V, which is the closure of the union of all W;n W,, where
W, are curves satisfying the conditions of the lemma. It is clear that ViU VU V¢ X (just
check it over k). If we prove that V,# S*X then our claim will follow from Sublemma 3.17

and L~-unirationality of X, where L is the residue field of a closed point of degree 4 on X,

4
whose image on Y is smooth. Indeed, under our assumptions a k—point on S*X\ U Vz. gives
=1

rise to such a point of degree 4.
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First note that the conditions (W;.[j) =1, (W;.Ky)=—4 determine the class of the
curve Wi in Pic X up to a finite number of possibilities. In fact, since Wi is a section of f,
(Wi A ]) is either 0, or 1 for any component lj of a degenerate fibre. From Lemma 2.10 it
follows that the class in Pic X is uniquely determined by its intersection numbers with lj,
j=0,1,...,4, and with KX' Let us fix one possible class of W, in Pic X, callit D.

Let us proceed over k. We see that H*(X,0(D)) = HY(X,0(Ky—D)) =0 since
(Ky—D.D)=—-6 <0, D being the class of a curve. We claim that H!(X,0(D) = 0. Consider

the exact sequence
— O(Ky—D) — 0(Ky) — O(Ky)® 0y — 0.
0 ( X ) ( X) ( ‘X) W,

We have H‘(X,U(KX)) = 0. Since (Ky.D)=—4<0,

H(X,0(Ky)® 0 ) = B(W,0(Ky)) =0,

and the long cohomology sequence gives H'(X,0(D)) =0. The Riemann—Roch theorem now
gives

dim H(X,0(D)) = (D.D-Ky)/2 +1 = 4.

Hence dim | W;| = 3.

Let K/k be the quadratic extension over which D is defined. Consider the open subset
T of |W,|, whose K-points are curves C,, such that C;n C, consists of 4 distinct

k-points (here C,€ | W,| is the conjugate curve). The morphism h: RK/k(T)—oS‘X
mapping C; to C;n C, goes from a 6-—dimensional variety, hence it is not dominant. Now
remark that V, is the union of a finite number of images of such maps, hence V,# S$*X. The

lemma is proved. .

Let f:X— C be a conic bundle.” Assume that we are given a g—invariant set P of
points of X, which do not lie on geometric degenerate fibres of X — C, and such that each
fibre contains at most one point of P. Then we can define the elementary transformation
centred at P, elm p: X —=——— X’, as the composition of the blow—up centred at the points

of P and the blow—down of the proper transforms of the fibres containing these points. Then
X’ is a conic bundle over the same base C, and the generic fibres of X and X’ are
isomorphic.
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THEOREM 3.18. Let X be the minimal desingularization of an Iskovshih surface Y over k.

a) If. X(k)# 0, then an elementary transformation cenired at a good k-point of X (i.c.
at a point which does not lie on any line) transforms X into @ Del Pezzo surface of degree 4 on
which there lies a k-pair of intersecting lines.

b) If X(k)=0 and X(K)#0 for some quadratic extension K/k, then an elementary
transformation cenlred at a good g—invariant pair of points of X (i.e. at a pair of points
2,5, € X such that each of them does not lie on any line and is not mapped to a singular point of

Y, and they do not both lie on any conic) transforms X into a Del Pezzo surface of degree 4.
¢c) If X(K)=90 for any quadratic extension K/k, then an elementary transformation
cenlred at a good g—invariant 4-tuple of points of X (i.e. one satisfying the conditions
described in part ¢) of Lemma 3.16) transforms X into a Del Pezzo surface of degree 4.
Therefore (if the cardinality of k is large enough) an Iskovskih surface is always
birational to a del Pezzo surface of degree4).

Note that the elementary transformations are well defined since by definition good points
do not belong to degenerate fibers, a good pair of points does not lie in a fibre, and a good
4—tuple of points is mapped to 4 distinct %—points on the base.

Proof : a) We give two different proofs. The first one is based on the Proposition 1 of [20]. It
implies that a relatively k—minimal conic bundle Z= elsz is a Del Pezzo surface iff the

linear system |—K,—2f| is empty. Assume that it is not. Let s, be a curve from
|-K;—24|, and s; bea curve from |—K,—2{| (the anticanonical map contracts s, to the
singularities of Y). Let o;:X’— X be the blow—up of a good point ze€ X(k). Let
0y: X’ — Z be the blow—down to z€ Z(k) of the proper transform of the fibre containing z.
Then o}s; = —Ky, + 0i'(2)-24y, 035, =Ky, + 05'(2)-2, (o%s,. 03s,) =2, which is
impossible since o}s; and o3s, are curves. Thus |—Ky —2f| and |-K;—24| cannot be
both non—empty.

The other proof has the advantage that it does not require the relative k—minimality of
f:X— C. The two components of a curve from |—K, —2f| are conjugate and do not

intersect each other, therefore a good point ze€ X(k) does not lie on this curve. The remaining
part of the proof is valid over any extension L of k Since z is a good point, the projection
from z maps Y birationally onto a cubic surface Y’, this map being the blow—up of z
(isomorphic on  Y'\ z). The cubic Y” has precisely two singular points, which are the images
of the two singular points on Y. The line ! joining them lies on Y”. Clearly, ! is the image
of the conic from the pencil /, containing z and the singularities of Y. Let X’ — Y” be the
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minimal desingularization of Y”, then the proper transform of ! is an exceptional curve of the
first kind. Let X’ — X" be the contraction of this curve, then X* is smooth. In theorem 1.3b
of [14] it is proved (using the Nakai—Moishezon criterion) that —K, is ample, hence X" is

isomorphic to a Del Pezzo surface of degree 4.
b) Let z=(z,,5,) be a good g-invariant pair of k—points of X satisfying the

assumptions of the theorem. Let L= Kz,) = kz,). Over L, elm  decomposes into two

elementary transformation elmx and elmz . Let Z= elmx (X). According to the second proof
1 2 1
of a) Z is a Del Pezzo surface of degree 4. It remains to prove that eim,, (zp) is a good point
1

on Z, and that an elementary transformation of a Del Pezzo surface centred at a good point is
again a Del Pezzo surface. Assume that elm, (z,) lies on aline } C Z, which in this case is a
1

section of the conic bundle f:Z— C. Let z€ Z(L) be the image under elm, of the fibre of
1

f containing z,. There are two possibilities :
1) z€ . Then the self~intersection of §, = elm (i) on X equals —2 (note that elm, is the

inverse of elmx ). Hence the anticanonical map contracts [} to a singular point, thus
1

contradicting the choice of z = (z,,1,).
2) z¢l. Then the self-intersection of L, = elm (4) on X equals 0, hence by the genus
formula we have (-K,.b)=2. Thus } is a conic, which again contradicts the choice of

z = (z,,%,). Therefore elm,, (z,) does not lie on any line of Z, i.e. is a good point.
1

Let us finally show that the elementary transformation centred at a good point maps Z
onto a Del Pezzo surface. Indeed, blowing up a good point we get a smooth cubic surface, the
proper transform of the fibre being a line. Contracting a line on a smooth cubic surface we obtain
a del Pezzo surface of degree 4.

¢) Let z=(z,..,4,) beagood g—invariant 4-tuple; set L = k(z,), then [L:A = 4.

Let Z= elmz(X). Since Z is a relatively minimal conic bundle with 4 degenerate geometric

fibres, it is either a Del Pezzo surface, or the minimal desingularization of an Iskovskih surface.
Let us exclude the second possibility. In fact, let Sy€ |-K;~2h|; we know that

8;="5U5,, S; being irreducible, (5) =-2, (5;.K,) =0, (5;.4)=1, (S.5) =0,

and S, are conjugate over k. We know that elm_,‘c1 = elm, for some g—invariant 4—tuple

y
¥ = (Yp--¥a)s Myy) = L.
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Since y,,...,y4 are all conjugate and SN S, =9, there are only two possibilities : either
each Si contains two points from ,,...,y,, or each Sz. contains none. Now we proceed over .
It is easy to see that (Sz) = (W;i) + ¢;—(4—c;), where ¢, is the number of y;s lying on S§j;
(W Ky) ==2— (W), (Wil)=1. If ¢=c¢,=2, then (W) =-2, (W Ky)=0. This
means that W, and W, are contracted into singularities under the anticanonical map. On the
other hand, since two of the points {y,,...,ys} do not lieon S, two of the points {z,...,z4}
lieon W,, which contradicts the assumption that none of them is mapped to a singularity
of Y. If ¢,=¢,=0, then W, and W, satisfy the assumptions of Lemma 3.16, which also

gives a contradiction. Thus Z is a Del Pezzo surface.
By Lemma 3.16 there always exists a good point, pair, or 4—tuple; and the theorem is
proved.

LEMMA 3.19. On a Del Pezzo surface X of degree 4 through a point there can pass at most two
lines.

Proof : Let z€ X(k), and let GZX be the tangent spaceto X in 2. If z€ £ and {C X, then
clearly £cC Xn @z X If Xn GzX contains more than two lines, then 9::; xC€ X. Indeed in
this case © X belongs to any quadric of the pencil Qy = @y + A an' Since X is irreducible,

the lemma is proved.

THEOREM 3.20. a) Let X be a k-minimal Del Pezzo surface of degree 4 containing two
conjugate inlersecting lines (in this case the intersection point is defined over k, hence
X(k)#9). Then X is birationally equivalent to an Iskovskih surface.
"b) Let X be a k-minimal Del Pezzo surface of degree 4, X = QN Q- Let the following

conditions hold :
1) the polynomial det(Q, + A Qm) has at least two roots A\, and A, in k,

2) the determinant of the restriction of the quadratic form Q= Q@+ A, Q, toa
hyperplane H (such that Ker(Q,) ¢ H) is a square in k,

3) the quadric Q,= Q,+ A, Q00 has a smooth k-point. Then X is birationally equivalent
to an Iskovskih surface (X(k) can be empty).
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Proof : Let us prove that the birational map inverse to the map described in Theorem 3.18 a)
gives the required birational equivalence. Namely, let s be a curve on X, splittingin X into
two lines. Let ¢ be the pencil of conics on X containing s as a degenerate conic. Let
f:X— C be the conic bundle structure on X, corresponding to the pencil of conics
complementary to g¢. Let us blow up the intersection point z of the components of s.
Consider the proper transform of the fibre of f containing z. It is nonsingular according to
Lemma 3.19. Let us contract it to a point y. Denote the blow—up of z (respectively of y) by
o,: X* — X (respectively by o,: X’ — Y). Let us prove that |—K Y™ 24| is not empty,

which is enough to show that Y is an Iskovskih surface. By o7!(s) denote the proper transform
of s. Clearly 0y(07'(s))€ |~ Ky —24|. Indeed, s=—Ky—{ (here & is the class of a fibre

of f), and the multiplicity of z on s equals two. Hence

0i'(8) = o¥(8) —2 6{'(a) = — T}(Ky) = =2 07'(2) = = Ky, =l = 07'(c)
==K, -2+ a;'(y),

since 4 = 07'(z) + 03'(y) € Pic X". It follows that 0,(07'(s)) = — Ky — 24, and we are done.

b) The quadric @, of rank 4 is a cone with a vertex v,, its base being a nonsingular quadric
Qg C ﬂ’i- There is a smooth k—point on @, if Qg(k) # 0, i.e. iff there exists a k-line ¢ such
that v,€ £C @, Since Qg(k) # 0, k-points are dense in Qg, thus we can choose ¢ in such a
way that ¢n Q, = {z,,3,}, z,# z,. Since QS v [P;cx IP%, there exists a g—invariant pair of
projective planes (A3, A7) in @, such that h3n h; = £ Let q*2 = h*2 N @, be the pair of conics
on X cutby A and h; Since (Pic X)%~17@ I, the condition 2 of the theorem implies that
(Pic X)® is generated by the classes of ¢t and ¢ (cf. comments before Proposition 3.5).
Consider the conic bundle structure f: X — C related to one of these pencils, say, to ¢j. By
Proposition 3.1 c) (qj,q*l) =1, hence ¢; and ¢; are sections of f. The birational map inverse
to that of theorem 3.18 blows up z;, and z,, and contracts the proper transform of the fibres
passing through z; and z, to some points y, and y,. Let o,: X’ — X and 0,: X’ =Y

be the corresponding monoidal transformations. Let us prove that | — K Y- 24| is not empty.
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The multiplicity of 2, or 2, on the curve ¢+ ¢  equals two, therefore
ol &+ ) = a’:(— Ky) —2(o7'(z,) + 07'(zy)) (we have —Ky=¢;+¢; in PicX). Since
a’:(— Ky) =— Ky, + 0{'(z;) + 07'(zy), we have

0@ + &) =— Ky, — (01(z) + 0i'(3))) = — Ky, — 26 + 03" () + 03'()-
Thus ay(07'(¢3 + 63)) = — Ky — 26, and we are done.

COROLLARY 3.21. a) The birational transformation (inverse to that introduced in Theorem 3.18 a)
maps & k-minimal Del Pezzo surface of degree 4 onto an Iskovskih surface iff the graph T
contains a g-orbit of precisely two vertices. Equivalently, the type of the decomposition of T'
into g-orbils is e subtype of type 1L

b) If the inverse of the birational transformation introduced in Theorem 3.18 b maps a
k-minimal Del Pezzo surface of degree 4 onto an Iskovskih surface, then g acts on the set of
10 conic pencils q*i in such a way that ¢; and ¢ are individually g-invariant (this is

equivalent to the ezistence of a g-invariant conic pencil on X), and there ezists a g-orbit
{d) G} forsome jt 1.

Remark 3.22 : The conclusions of a) and b) of Corollary 3.21 look somewhat similar. This can be
explained as follows. Assume X(k)# @, then there is a good k—point z on X ([28], ch. IV,
8.1). Let o: Y— X be the blow—up of this point; Y is a smooth cubic surface. The point z is
contained in a unique conic from the pencil gj (respectively from ¢7). Let ¢ and ¢, be the

proper transforms of these conics on Y, naturally £ and ¢, are lines. If (Pic X)®~7e T asit
was assumed in Corollary 3.21, then ¢ and £, are defined over k. Therefore there is a triangle
of k-lineson Y, namely 4, { and o¢7(z). Planes containing any of the three k-lines cut
‘three pencils of conics on Y, having 5 degenerate fibres each. For example, planes containing ¢
cut a pencil birationally equivalent to the pencil ¢; on X, equipped with an additional
degenerate fibre £ U o!(z). Planes containing £ cut a pencil birationally equivalent to the
pencil ¢; on X, equipped with an additional degenerate fibre 4 U ¢7'(z). Finally, planes
passing through ¢7(z) cut a pencil of conics on Y with degenerate fibres o7'(g})U o(q}),
i=2,..,5, and {U & = o(g})u o!(g;). Contracting any of the lines ¢, £ and o7(z) we get

a Del Pezzo surface X‘. If we contract 4 or ¢, then X’ is not necessarily isomorphic to X.
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The splitting group Gy, is obtained from Gy by the action of an automorphism of W(D,)
induced by an automorphism of the root system D, [40]. Let us call such automorphisms of
W(D,) admissible, they constitute a group denoted by Aut’ W(D,). The factor of Aut’ W(D,)
over the group of inner automorphisms of W(D,) is isomorphic to S3 ([40], 3.1). On the other
hand, according to Proposition 4.3 of [40], if G = h(Gy,) for some he Aut’ W(Ds), X(K)#9,

and card k£ is large enough, then there exists a Del Pezzo surface X of degree 4, which is
k-birational to X’, and Gy = G (see [40] for precise statements).

COROLLARY 3.23. A k-minimal Del Pezzo surface X of degree 4, X(k)# 0, is birationally
equivalent to an Iskouskih surface iff (Pic X)g ~7® I, and the following equivalent conditions
hold :

i) for some he Aut’ W(D,) there ezists an h(Gy)—orbit of T consisting of two joined

vertices,
ii) for some he Aut’ W(D,) there ezists an h(G X)—orbit of A consisting of two joined

vertices, other than ¢¢ and ¢; (i.e. generators of (Pic X 9),
1 1

Proof : If X is birationally equivalent to an Iskovskih surface, then X is birationally equivalent
to a Del Pezzo surface of degree 4 such that T' has an orbit of two vertices (Corollary 3.21 a).
Then (Pic X)%~ 7@ I. According to [40], rk (Pic X)® and the conjugacy class of the splitting
group Gy in W(Dy) modulo Aut’ W(D,) are birational invariants. Conversely, if I' has an

h(G y)—orbit of two vertices, then assuming X(k)# 0 we can transform X into a Del Pezzo
surface Y of degree 4 such that Gy =h(Gy) ([40], 4.3). Now use Corollary 3.21 a). It

remains to prove the equivalence of i) and ii). We do it by the following combinatorial argument.
Let (Pic )_()G =L qolg, and let T =2XjUZX be the decomposition of I' introduced in

section 0. Let A =%, U {q}, ¢;}. The group of automorphisms of A (the graph also introduced
in section 0; the set of its vertices is ZjU Z;U LU {e, g}, ¢;}), preserving the triangle
{e 4, qi}, is canonically isomorphic to the automorphism group A(D,) of the root system D,
(cf. [30]); A(D,) = W(F,) = W(Dy)xS; ([3], Ch. VI, § 4). This group permutes e, ¢}, ¢;, and
acts on W(D,) by admissible automorphisms. Since each vertex of L, (respectively of Z}, %)
is joined with e (respectively with g¢;, ¢}), and is not joined with the two remaining elements of
{e, a3, ¢}, A(D,) permutes I, Z! L. Therefore if one of these graphs has an h(G)—orbit of
two joined vertices, then for a suitable h’ € Aut’ W(D,) any of the two other graphs also has an

h* (G y)-orbit of the same type.
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COROLLARY 3.24. Assume that @ k-minimal Del Pezzo surface X of degree 4 is birationally
equivalent to an Iskovskih surface, and X(k) =0. Then the graph A hasa G yorbit of two

Jjoined vertices, other than ¢ and g

Proof : The surface X is k-birational to a surface Y satisfying the assumptions of Corollary
3.21b). Since G, modulo the action of Aut’W(D,) is a k-birational invariant, Gy = h(Gy)

for some he Aut’ W(D,). The graph I = A\ {g], ¢;} contains a Gy —orbit of two joined
vertices. Since A(D,) acts on A permuting Ij, Xj, L, in one of these graphs there is a
Gy —orbit of two joined vertices. If this orbit belongs to I'=XjU Y, then the intersection

point of the corresponding lines is defined over &, contradictory to X(k) =9; therefore it
belongs to X;, and we are done.

We see that Corollary 3.21 b) gives a necessary condition for a k-minimal Del Pezzo
surface of degree 4 to be birationally equivalent to an Iskovskih surface. On the other hand, a
sufficient condition is given by Theorem 3.20 b). Let us reformulate it in the following way. If a
k-minimal Del Pezzo surface X of degree 4 is an intersection of two quadrics given in
homogeneous coordinates (z, y, z, ¢, u) by

Q1($1 y7 zi t) = QZ(Iy .% Z: 'U) = 0

where det @, € (¥*)?, and @, represents 0, then X is birationally equivalent to an Iskovskih
surface. If, in addition @, also represents 0, then X is birationally equivalent to a Chételet

surface (Corollary 3.11).
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4
SUBGROUPS OF W(D,).

In this section we show that the algorithms given by Theorems 1.22 and 1.26 are efficient
2
enough to compute ||| (G,Q(R)) and [_l_]:,( G,Q(R)°); the root system R = D, serves us as

a model. From the geometric point of view D, corresponds to Del Pezzo surfaces of degree 4
with Pic X~ 7@ I, since the splitting group G 'y can be naturally represented as a subgroup of
W(D,) (cf. §0). Minimal subgroups (in the sense of Definition 3.3) correspond to k-minimal
surfaces. We shall list all such subgroups, and compute U_]i( G,Q(D,)) and LU;(G,Q(D4)°)

(in the case where G is not minimal, both invariants vanish, see Corollary 4.3).
Let us recall several facts we need. The Weyl group W(D,) is given by its generators and

relations using the Dynkin diagram Dy ([3], Ch. VI, § 4). Embedding W(D,) into the group of
automorphisms of the integral quadratic form 2 + 22 + 23 + z2, we shall write its elements a3
products of permutations from S, and reflections ¢ associated to the coordinate hyperplanes.
The generators of W(D,) corresponding to the vertices of the Dynkin diagram can be chosen as

it is shown in Figure 6.

-

(12) 23)

C3C4(3 4)

Figure 6

It is easy to check that the centre Z(W(D,)) coincides with <¢, ¢, ¢5 ¢,> ~I/2. Let
Aut’ W(Ds) be the group of such automorphisms of W(D,) which are induced by

automorphisms of the root system D, itself, i.. by conjugations in
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A(D,) = W(D,)X S3 = W(F,). We call such automorphisms of W(D,) admissible. Let Inn be
the subgroup of inner automorphisms of W(D,), clearly Inn W(D,) = W(D,)/Z(W(D,)). One

can prove (see, for example, [40], Proposition 3.1) that the factor group
Aut’ W(D,)/Inn W(D,) ~ S; coincides with the group of automorphisms of the Dynkin

diagram D,.

PROPOSITION 4.1. Let GC W(D,), o€ Aut’ W(D,), then [1|o(G,P(D,) = LLlo(a(G), P(Dy)),
and [|15(G,Q(Dy) = [Lla(0(G), QD).

Proof : We claim that the G-module (D,)? obtained from @Q(D,) by twisting it by the
automorphism o, is isomorphic to @(D,). Indeed, o is induced by a conjugation in A(D,),
which is the group of orthogonal automorphisms of @(D,). The second assertion now follows.
The first one is obtained by duality.

This result being granted we can consider subgroups GC W(D,) up to the action of the
group of all automorphisms of W(D,) while computing U_li(G,Q(DQ) and LL];(G,Q(D4)°).
In particular, since W(D,) is a normal subgroup of W(C,), it is sufficient to classify subgroups

GC W(D,) up to a conjugation in W(C,). Let us now proceed with the classification.

PROPOSITION 4.2. Let G be a non-minimal subgroup of W(D;) lying in W(D,). Then the
algebraic torus dual to the G-module Q(D,) is stably k-rational

Proof : In view of [43], 4.16, it suffices to prove k—rationality of the torus dual to the G-module
M(C,). This module can be represented by the extension (7) :

0 —— T — M(C,) — Q(B) —0.

By 3.6 G is not minimal if and only if there exists a G-invariant element in Q(B,). Let {e;}
be the standard basis of Q(B,). Since G permutes elements of the set {e,,...,e4, — €}0ec— €4}
and Q(B4)G# 0, it follows that Q(B,) can be decomposed into a direct sum of a permutation
G-module P and a G-module Q(B) where m < 4. Note that the image of the G-action

on Q(B,) liesin W(Dm). The extension (7) can be written as a pair of exact sequences
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(17) 0—— T — X— Q(B,) —0,

(18) 0 —— X —— M(C,) — P—— 0,

the sequence (18) being the definition of X. One can easily show that X~ M( Cm). We thus

obtain a short exact sequence of G-modules

0— Q(D,) X T —0

(it is just the exact sequence (1)). Applying [43], 4.16 again, we see from (17) and (18) that the
torus dual to M(C;) is stably equivalent to the torus dual to Q(D, ). All the tori of dimension

1 or 2 are k-rational ([43], Ch. IV, § 9), hence it is enough to treat the case m = 3. Since the
root system D; is isomorphic to A; and Q(A;) is the kernel of the homomorphism

7[S,/S;) — I sending all base elements to 1, it follows that the dual torus is k-rational
(cf. 1.9).

COROLLARY 4.3. Let G be a non-minimal subgroup of W(D;) lying in W(D,). Then
1 2
LUW(G7Q(D4)O) = U_lw(qu(DA)) =0.

Let us begin to list minimal subgroups of W(D,). Let pr: W(D,) — S, denote the
natural epimorphism as in §1. Denote by cB €S, the group pr(G), and let
GAQ <€16,6963,63¢4> be the kernel of pr: G— el Certainly, ¢ is GP-invariant. Our

A

algorithm is organized as follows. Given G* and GP we find all possible extensions

(19) 1—mcl a6 cPot

Assume that GB is generated by permutations «, § then G = <ac I fe 7 GA >, where I
and J are multiindices: I= (il,...,ik), J= (jl""’jt)' Multiplying 'CI and c; by elements of
G4 we exclude coinciding groups and groups which are conjugate in W(C,). Let us assign two
indices to each subgroup GC W(D,) (to be more precise, to its conjugacy class in W(C,)).
The subscript i indicates that GP is the i~th element in the following sequence {H;} of
conjugacy classes of subgroups in S, : 1, <(12)>, <(12)(34)>, <(12),(34)>, /3, S3, L/4, V,,
Dy, A, Sy (i=0,1,.,10). In what follows by V,, D,, A, we denote Klein's Vierergruppe
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<(12)(34),(13)(24)>, the dihedral group <(1234), (13)>, and the alternating group,
respectively. The second index j is the number of G, ; in the list of subgroups G with given

\J
B=n,.

PROPOSITION 4.4. There are ezactly 50 distinct minimal subgroups of W(D,) considered up to a
conjugation in W(C,). They are given by the following list :

Gi,O = <ep6y, G, > x H; (i=10,1,...,10); Gi,1= <¢i6e3e,> x H; (i=0,...,10);

G0,2= <€16gy €364>5 G1,2= <6y, €3> % <(12)>; G1,3= <364 €,05(12)>;

GM= <cye3, €164(12)>; G1’5= <€y C34(12)>; Gm: <6y, > x <(12)(34)>;

Cps™ <G ae(12)(34)>; G, = <6163,(12)(34)>; G, <e,05(12)(34)>;

G3 ,= <Ci6y, €3¢> x Hy; 03 = <c,65(12),(34)>; G3 = <e,65(12), ¢¢4(34)>;

G, = <t 6ey(12), (34)>; G = <e5e,(12), 00p(34)>; if i=14, then j< 1;
G, = <ac(12), 6e,(13)>; G = <cyey(12), 6,(13)>; G = <0;65,(1234)>;

G, = <ae, (12)(34), (13)(24)>; G = <ci6,6,65(12)(34), (13)(24)>;

G7,4= <(12)(34), ¢,¢5(13)(24)>; G7,5= <(12)(34), ¢,¢5(13)(24)>;

G, = <acs(12)(34), es(13)(24)>; G = <16 (1234), (13)>;

G, ;= <(1284), 0,(12)(34)>; G = <(1284), e1(13)>; G, = <(1234), c16p046,(13)>;

G9 = <(123), ¢;¢5(124)>; Gm = <e64(234),(1234)>.

Proof : Let us exploit the following practical criterion for minimality of GC W(D,) : any
G—orbit from the set {e;, &, e;, e,, —¢;, —¢,, —¢3, —¢,} is stable under multiplication by -l.
The case i=0 is obvious. Let i=1, i.e. 6P= H = <(12)>. If A= <6y, c3¢4>, then
G= <cl(12), GA>, where I is a multiindex. Multiplying by an element of GA we reduce cr
to 1 or ¢ If 4= <6 6>, then ¢, can be reduced to cze, Or ¢ccye,, otherwise G
would be non—minimal. The obtained groups are conjugate under ¢,. For the remaining GA no
new minimal group appears, except for GA = <¢epc3¢,> and G = Gm' Let i=2, ie.
GB = H, = <(12)(34)>. This case can be treated in a similar way. Let i=3, ie.
P =M =<12),64> 1 6*=<qo 0>, the G=<c(12), ¢ 34), 1>, and

multiplying by elements of GA, we reduce ¢y and ¢ 7 to 1 or e 1If G’A=<clc2>, then
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¢j€ <6y Cgey>, Otherwise (¢ 1(34))2 = ¢ges# G. Therefore, conjugating by «¢; and
multiplying by ¢¢, (if necessary) we can reduce ¢ 7 to L Besides, ¢y = cge, or ¢c (by
minimality). However in the second case, ¢;¢cyc3¢,€ <cica(12), (34)>, which does not agree
with the condition G4 = <ce>. If A= <¢Cyc3¢,>, then no new group appears apart from
G3,1’ and if GA =1, then the only minimal group is Gz,s. All the other cases are treated along

the same lines.
As above we say that the group W(D, ;) is embedded into W(Dn) in a standard way

if it is realized as the subgroup of W(Dn) fixing the fundamental weight w, (= ).

DEFINITION 4.5. Let the inclusion ¢: W(B, ;)= W(C|_;

standard inclusion of W(Dn—-l) : if an element g is such that o(g) = —1, then set y(g) = ¢;.g

)— W(Dn) be the extension of the
(here ofc; € p)=(-1)™ pe Sn) .
1 ‘'m

LEMMA 4.6. If the group W(Dn—l) is embedded into W(Dn) in a standard way, then its
normalizer in W(D,) coincides with o( W(C, 1))

Proof : This is quite clear.

Let T be the incidence graph of lines on a Del Pezzo surface of degree 4, and let G be a
minimal subgroup of W(D;). In [27] there is a description of 19 possible types of the

decomposition of I' into G—orbits (cf. § 0). The graph TI' is presented on Figure 1. Each vertex
is meant to be joined with the vertex in the same row and on the same side of the vertical line,
and with exactly one more vertex from each pair lying on the other side of the vertical line;
moreover the left (right) vertex from each pair is joined with the left (right) vertex from the pair
in the same row, and with the right (left) vertices from the pairs in other rows. The vertices of T
are denoted by li, lij’ ¢ (1< 4,5<5, i# 7). From the geometric point of view li corresponds
to one of 5 blown—up points on P2, [z’ j corresponds to one of 10 lines joining the points, and
¢ corresponds to the conic through all the five points. The group W(D;) acts on T' in the
following way : Ss permutes indices, and ¢,¢; is the reflection with respect to the vertical line.
Note that having classified subgroups of W(D,) up to a conjugation in W(C,), we have also

classified them up to a conjugation in W(D;) (see Lemma 4.6).
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PROPOSITION 4.7. Let G be a minimal subgroup of W(D,) Ilying in W(D,). Then the

decomposition of T into G-orbits belongs to one of the 12 types: I-IX and XI-XV from
Figure 4.

Proof : It is enough to determine the decomposition type for each of 50 groups listed in

Proposition 4.4. Here is the result : groups of type II: G4 v G’5 N Gs 5 of typeIll:
2] ] bl

ot G“M, Gm,z; of type IV : Go,1; of type V : Gz,s’ GM; of type VI: Gz,x; of type VII:

G ; of typeVIII: G ,G ; of typelIX: G ,G ,G ,G ,G ,G ; of typeXII:
i 31 3,6 0,2 1,2 1,5 252 32 35

Gm; of type XIII : Gs,t’ Gs,x’ Gs,s; of type XIV : Gm’ Ge,z’ G7,2’ Gm’ Gs,z; of type XV :

Gg.,¢G ,G6 ,6@ ,G ,G6 ,G@ ,G ,G6 ,G ,@G (to check this it is convenient to
%0 1,3 14 2,3 33 34 52 7,3 7,6 8y4 9,2

conjugate all the groups by the elements (15) before considering the action on T).

DEFINITION 4.8. Given a decomposition type of the graph T, the mazimal subgroup of W(D;)

preserving the decomposition type is called its mazimal group of automorphisms.

COROLLARY 4.9. The mazimal groups of automorphisms of the types which are sublypes of type
XV are listed below :

Aut(Il) = G’51 , Aut(III) = G10 . Aut(IV) = Gox ,
Aut(V) = Gm , Aut(VI) = Gm , Aut(VID)= Gl,1 ,
Auwt(VIID)= G, Aw(IX) =G , Aut(XI)= G,
31 32 71
Aw(XI)= G, Awt(XIV) = G, Aw(XV) =G _ .
81 8,2 10,0

Our next goal is to find out how admissible automorphisms of W(D,) act on the set of
subgroups of W(D,). Let p be the admissible outer automorphism of W(D,) marked by the

dotted arrow in Figure 6, and let # be the composition of 4 and the conjugation by (14)(23). It
is not difficult to see that @ acts on S, = <(1234),(12)> trivially and sends ¢;¢, to

c3¢4(12)(34). By v we denote the admissible outer automorphism of W(D,) arising from the
conjugation by ¢; in W(D,) (the choice of the index i is of no importance since we are

interested in outer automorphisms only up to inner ones). Both ¢ and v are of order 2,
together they generate Aut’ W(D,)/Inn W(D,) ~ S;.
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PROPOSITION 4.10. In W(D,) there are ezactly 67 conjugacy classes of minimal subgroups. The
group Aut’ W(D,) acts on 16 classes trivially. The other classes are divided into 17 orbits

containing 3 classes each.

Proof : a) Let us list 16 subgroups representing the conjugacy classes with the trivial action of
Aut’ W(D,). To begin with, such are G;o for i27. Indeed, UG, ) = G;q since G,
) ) ] ]
contains all ¢ 0(Gi,0)= Gi,O since Gi’0 contains V, and ¢cyc3¢s. Next, such are also
G;y (i=0,1,4,5). Indeed, /G, )= G;, since pr(G,)C S, fixes some me {1,234}, thus
¢,, commutes with Gz',l; “Gz’,l) = Gz-,1 since § acts on <¢cyc3e,>x S, trivially. One can
easily check that G ,G ,G ,G ,G are also invariant under Aut’W(D,). The
2,27 25 32 Hhd 53
invariance of G’7 5 G7 6 and G9 , can be verified in a bit more tedious way.
bl I ]

b) In order to verify the second statement of the proposition we break up the set of 34
subgroups remaining in the list of Proposition 4.4 into pairs, such that groups in each pair are
transformed into each other by an admissible outer automorphism of W{(D,). This being done,

for one of the groups in each pair we shall point out the admissible outer automorphism of order
2 fixing the conjugacy class of the group. It will be thus shown that each orbit of
Aut’ W(D,)/Inn W(D,) on the set of conjugacy classes of subgroups of W(D,) contains either

one or three elements. In the following formulae v; denotes the conjugation by <

volG )=G |, volG )=G |, voldG )=G , voldG )=G ,
3 0,0 71 3 0,2 21 3 1,0 81 3 1,2 LD
volG )=G |, volG )=G , voldG )=G |, voldG )=G |,
3 2,0 72 3 3,0 852 3 4,0 91 3 550 10,2
volG )=G |, voldG )=G , volG )=G , 0o G )=G ,
3 1,3 651 3 1,4 855 1 1,5 3,6 2,3 7s5
vollG. )=G ,vodG )=G ,0G )=G ,0G )=G ,0G )=G .

2 5,2 10,2 3 33 84 34 6,2 74 2,4 6,0 8,3

Now let us remark that the conjugacy classes of Gi o are invariant under v since Gi 0
contains ali the elements of the shape cicj (the conjugation of a permutation by ¢ coincides
with multiplication by some cc j)' The conjugacy classes of GO, ' Gl, I G4, IE G5, j are also

v—invariant since pr(G) = 6Bc Sy fixes some element of {1,2,3,4}. One can immediately see
that the classesof G , G, G , G arealso v-invariant.
23 33 4 T4

As the following result shows, in fact one needs not require the minimality of a subgroup.

COROLLARY 4.11. Each orbit of Aut’ W(D,) on the set of conjugacy classes of subgroups of

W(D,) contains one or three elements.
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Proof : We have already proved the statement for minimal subgroups. Non—minimal subgroups
can be divided into 4 types (after conjugating in W(C,), if necessary) : the subgroups fixing e;,

those permuting e and e, those permuting e}, e, e; and finally those permuting
e, €, €3, €4 Let us show that in all cases there exists an admissible outer automorphism of

order 2 fixing the conjugacy class of the subgroup. In the first case, one can take
(conjugation by ¢;), in the third case, one can take v,; in the fourth case where GC S;, one

can take 6. It remains to deal with the groups of the second type. The maximal group of this
type which includes all the others is <(12),(34),c3¢,>. Its conjugacy class is stable under 0.

The other subgroups of this type are <czcy(12),(34)>, <(12),c5¢,>, <eze4(12)> (up to a
conjugation in W(C,)). The second and the third subgroups are v;—invariant, and the first

subgroup can be transformed into the second one by 4.
Let us remark that we have no explanation of this phenomenon.
2
Now let us go over to the direct computation of ||| (G,Q(D,)) for GC W(D,).

LEMMA 4.12. Let G be generated by some clements, each conjugate to an element of S, in

W(Cy. Then [1]4(G,Q(Dy) = 0.

Proof : It follows immediately from Theorem 1.22.

THEOREM 4.13. If GC W(D,) is such that U_]:(G,Q(D4)) # 0, then it can be transformed by an
admissible  automorphism of W(D,) into one of the following groups:
Gs,s:: <c3¢4(12), ¢,¢5(34)>, G273= <6y 1C5(12)(34)>, Gm= <6y, €165(12)(34),(13)(24)>
(for these groups L]_]z(G,Q(D4)) =1/2) or G7,s= <¢65(12)(34),¢¢5(13)(24)> (for this group
Llu(G,Q(DY) = (@/2))-

Proof : Let us exclude all the groups satisfying the condition of Lemma 4.12 as well as their
transforms under Aut’ W(D,) from the list of Proposition 4.4. It is clear that the condition of

Lemma 4.12 is satisfied for G, ; (i> 6) and for G;q (i=230r 12 6) (it is enough to check
e tl
that G is generated by permutations p and by elements of the form ¢ o with the index set [

contained entirely in the union of orbits of p, such that each orbit contains an even number of
elements of I See Lemma 1.21). The groups Gw = <g¢,(12), (1234)>= <cy¢,(234), (1234)>,

GM’ Gm, Gm, G8,4’ Gs,5 = <(1234), ¢iepe3¢4(13)> = <(1234), ¢i6,65¢,(12)(34)>  also satisfy



72 B.E. KUNYAVSKII, A.N. SKOROBOGATOV, M.A. TSFASMAN

the condition. Let us look at the list of conjugacy classes of subgroups of W(D,) with
non—trivial action of Aut’ W(D,) (see the proof of Proposition 4.10), taking into account that
2
the action of Aut’ W(D,) does not affect ||| (G,Q(D,)) (Proposition 4.1).
We see that the only cases to examine are in fact 03 . and G2 5
Now consider conjugacy classes stable under Aut’ W(D,). Here the condition of Lemma
4.12 is satisfied for G4 (i27), G ,G ,G ,G . Thegroups G ~and G _ are cyclic,
) b 220 3,2 35 9,2 01 2,5
and []],(G,Q(Dy)) =0 by definition. It remains to examine the groups G;; (i=14,),
G ,G ,G . If G isoneofthegroups G ,G ,G , then G, (the normal closure of
53 7,3 756 L 44 5,1
the elements conjugated to permutations) is isomorphic to Z/2, I/3, S; respectively, and G/G,
is generated by the image of c¢;cyc3c,. However, among the characters x G.; thereis one defined
by the action of ge G on e, which is stable under pr(G). This character is non—trivial on
€165¢3¢4, therefore it immediately follows from Theorem 1.22 that LU:,( G,Q(Dy) =0 for G,
(=1,4,5). Likewise G5 .= <364(12), €9ey(13)> = S, (G5 3)0 = <¢¢5(132)> ~ I/3; the
factor G5 3/ (G5 3)0 =1I/2 is generated by the image of ¢;c,(12). Among X ; there is the
same character as above, and it is non—trivial on cgc,(12). Therefore in this case we also have
2
LLIa(G, ,QDy) = 0.
Now it remains to carry out the computations for the groups G , G ,G ,G
2,3 3,6 73 756
above we use Theorem 1.22. We have G2 ;= <aty ¢ c3(12)(34)> ~ 1/2 x T /4, (G2 3)0 =1,
Hom(G2 3/(G’2 3)0 ,Z/2) ~ (Z/2)%. On the other hand, the orbits of pr(G2 3) are {1,2} and

as

{3,4}. The corresponding characters Xg,1 and x ga e trivial on ¢;¢, and non—trivial on
¢,c3(12)(34).  Since Xg1=Xg it follows that LU:(Gg,s’Q(D‘*)) =1/2. Consider
G = <egey(12), ¢65(34)> ~ (Z/2)% we  have (Ga,s)o= <ei0p0364(12)(34)>,
Hom( Gs,es/(Gs,e)o ,Z/2) = I/2. The orbits of pr(Ga,G) are {1,2} and {3,4}; the arising
characters x G,1 and Xgo are both trivial, hence |_|_}i( G3,6,Q(D4)) =1/2 (cf. Example
1.25). Next G7,3= <ey6y, €65(12)(34),(13)(24)> = <y, ¢1c5(14)(23), (13)(24)>,  since
€69.¢,3(12)(34).(13)(24) = c¢y¢5(14)(23). Therefore, (G7,3)0 d <cye5(14)(23), (13)(24)>. Let
us show that here in fact we have an equality. The group <c,¢5(14)(23), (13)(24)> is dihedral,

it contains 8 elements. One can easily write them down and verify that the product of any
element by ¢;c, is not conjugate to a permutation. Thus, G7 3/(G7 3)0 = 1/2, and since the
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unique character XG,l(g) =det(g) is trivial, we obtain L{_li(G7,3,Q(D4)) =1/2. For
Gm: <c,65(12)(34), cpc5(13)(24)> we have Hom(Gm, 1/2) ~1/2)%. Let us show that 07,5
contains no element conjugate to a permutation. In fact G7,s is isomorphic to the quaternion
group {¢ 1,% 4% j = k}, and the elements 1, ¢;¢;(12)(34), cye5(13)(24), c3¢4(14)(23) and
¢,6¢3¢, exhaust (up to inversion) all the elements of Gm, hence (Gm)o = 1. The unique

character X ;(g) = det(g) is trivial, therefore [_]_li( G7 s’Q(D“)) ~ (Z/2)%
COROLLARY 4.14. If GC W(C,) is such that I_Ui(G,Q(Cs))# 0, then G is conjugate to
<66y, c3(12)>.

Proof : Proposition 1.24 shows that we are in fact in the situation of Theorem 4.13. Since
p(¢(G)) has a fixed point in {1,2,3,4}, ¢(G) is conjugate to G15 in W(Gy).

Now let us compute U_I:,(G, QD,)°) = LU:,(G,P(D,,)) for all GC W(D,).
LEMMA 4.15. If cicyc5c,€ G, then [_U:,(G,Q(D‘t)") =0.

Proof : Recall that if g€ G, then I <g>,j

such that x <g>,j is a non—trivial character of the group
),

denote orbits of the group <pr(¢)>, and I g
denotes the union of all I <g>,j
<g>. Therefore, I <cey6e> = I is the entire set {1,2,3,4}. According to Theorem 1.26, in
order to compute LU;(G,Q(D4)°) we consider the group of all linear combinations of ers
which satisfy the following condition (for any g¢) : the union of I Gk with the same indices &
either contains [ 'y or is disjoint from it. Then we factorize this group by og = ) oG k-
Taking g= ¢ ,cyc3¢, we see that the only linear combination satisfying the condition of Theorem

1.26is an a, itself, hence L]_j:,(G, Q(D,)°) = 0.

LEMMA 4.16. If G contains an element of the form i€ (k)(#), tjkLe {1,2,3,4} being distinct,
1
then |11(G,Q(D)°) = 0.

Proof : Similar to the proof of Lemma 4.15.
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LEMMA 4.17. If pr(G) is a transitive subgroup of S,, then L]_]:,(G,Q(Dg") =0.
Proof : It trivially follows from Theorem 1.26, since H (G, Q(B n)) = 1/2 is generated by ag

THEOREM 4.18. Let GC W(D,) be such that [_U;(G,Q(D4)°) #0, then G can be transformed
by an admissible automorphism of W(D,) either into G3 6= <c364(12),6,¢5(34)>, or into
Cr'3 5= <€;65,(34),¢3¢4(12)>. In both cases, U_]:,(G,Q(D,t)") =1/2.

Proof : Among all the conjugacy classes stable under Aut’ W(D,) only Ga s and G5 s do not

satisfy the conditions of Lemmas 4.15—4.17. Next, one can also immediately see that all the
Aut’ W(D,)-orbits consisting of three elements contain at least one group satisfying the

condition of one of Lemmas 4.15—4.17, except for the orbit containing Gs,s'

Let G= Ga,s = <6y c5¢,(12), (34)>, then F= Hl(Ga,s’ Q(By) ~ (L1/2)?,
LWa(G, ,, XD = Fl<ag> = 1/2.

For G = <ee (12), ¢e,(13)>  we have H‘(Gs’s, Q(By)) = (1/2)?,  however,
F=<ag> because I 6y (12)= {3,4} intersects both {1,2,3} and {4} which are orbits of
pr(G, ). Hence (LG, , QDY) =0.

For @G = <c364(12), ¢,65(34)> we have H‘(Gs,s, Q(By) = (I/2)>= F, hence
La(G, ; D) = /2

Let us conclude this section with one more application of the classification of subgroups of
W(D,).

THEOREM 4.19. If a Del Pezzo surface X of degree 4 with Pic X~1® I is stably k-rational
but is not k-(‘ational, then it is birationally equivalent to a cubic surface given by

(20) yZ —-a?= P(Z),
P(z) being an irreducible polynomial of degree 3, whose discriminant is equal to a, ag (F*)%

Proof : Suppose X is stably k-rational. Let L/k be the splitting field of X, and let
Gy = Gal(L/) be its splitting group. Then the G 'y~module Pic X is a direct summand of a

permutation Gy~module (see the beginning of section 2, or [43], 4.35). Therefore for any
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subgroup GC GX we have H!(G, Pic X) = 0. Assume that X is A-minimal, i.e. GX isa
minimal subgroup of W(D,) (then X is k-irrational [20]). According to Manin,

HY(G, Pic X) depends only on the decomposition type of the graph T into G-orbits. He
computed this invariant for all the types ([28], Tab. 3). Note, that G0 = <€ie36> is of type

IV, hence H 1(Go , Pic X) = (Z/2)%. Next, G = <cqe,(12), ¢,6(34)> is of type VIII, hence
H‘(G3 o Pic X) =1/2.  Finally, G1 = <t c;cy(12)>  is of type IX,  hence
H ‘(Gm, Pic X) = Z/2. Now observe that ¢ c,c3c, is contained in Gi,O and Gi,l for all i,
and alsoin ¢ ,G6 ,G ,G6 ,G ,¢ ,G ,¢ ,G ,G ,G ,G ,G ,G ,G ,

0,2 1,2 1,3 252 2,3 24 2,5 3,2 33 34 652 72 73 T4 75
G ,G ,G ,G ,G . Thegroup G _ is of type IX. Therefore it only remains to consider

76" 82" 83 84 952 35
G, ¢, G, G, G The group G = <ei63,0,64(12)> contains
)

1,4 5,2 53 85 10,2° 1
<y, 6364(12)> = Gl,s' The group Gs,z = <¢;¢,(12), ¢,65(13)> also contains Gx,s' The
group Gs,5= <(1234), ¢,6,¢5¢4(13)> contains <(13)(24), ¢,¢,¢5¢4(13)> which is conjugate in
W(D,) to the group <6;69¢5¢4(13)(24), cyc4(13)> = Gs,s' The  group
Gxo,2= <c3c4(12), (1234)> contains Gz,s' Thus, any stably k-rational A-minimal Del Pezzo
surface X of degree 4 with Pic X~7® 7 has the splitting group G, = G5,3 =~ S3. This group
always has the decomposition of I' of type II, in particular, there exists a G X —orbit consisting

of two joined vertices (see Figure 4). To them there correspond two lines on X meeting in a
point z which is thus defined over £ Let us fix a conic bundle structure f: X — C. Arguing
as in the proof of Theorem 3.20 a), let us blow—up z and blow—down the transform of the fibre
of f passing through 2. We obtain an Iskovskih surface which (by Corollary 3.11) is
isomorphic to a generalized Chitelet surface given by

v? — a2 = R(z,).

Note that Gy acts on the components of singular fibres in the same way as it acts on singular

fibres of f, i.e. as on the 8 vertices of I' all lying on the same side of the vertical line. One
immediately checks that this action is conjugate to the @ y-action on the graph

5= A\{qs', q;} (it can be deduced from the fact that the conjugacy class of G Y= G5 s is
Aut’ W(D,)—invariant). Since pr(G,)= pr(G5 3) ~ S5, the polynomial R(z,{) has a linear

factor. A linear change of z and ¢ yields the equation

y'2—0z?=1t.P(zt)
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where deg P(z,t) =3. From the explicit action of Gy onme can easily deduce that

a= discr P(z,t) (mod (K¥*)%). The birational transformation y’ = yt, 2’ =zt provides the
equation #(y?—a2%) = P(z,); it is just the equation of a cubic surface written in homogeneous
coordinates. This proves the theorem under the assumption of k—minimality of X.

Assume that X is not k-minimal. Then X contains a G 'y-invariant set of mutually

skew lines. Blowing them down we get a Del Pezzo surface of degree at least 5. For such surfaces
the following alternative holds : either Z is k-rational, or Z(k) =@. By the assumption X is
not k-rational; on the other hand, any stably k-rational variety has a k—point. This proves the
theorem.

Remark 4.20. In the remarkable paper [1] it is proved that the surface (20) is actually stably
k-rational.



5
SUBGROUPS OF W(Dy)

This section is devoted to the computation of the invariant [_[_]f,( G,Q(D;)) for all the
subgroups GC W(D;) that are not contained in W(D,). From the geometric point of view

such groups correspond to Del Pezzo surfaces of degree 4 with Pic X = Z. Together with the
2 _
results of the preceding section it completes the computation of |[|],(Gy, Pic X) for all Del

Pezzo surface of degree 4.

However, the group W(D;) has no admissible outer automorphisms (see, for example,
[40], Proposition 3.1), i.e. this case is characterized by lower degree of symmetry than that of
subgroups of W(D,). The methods used in this section are quite different from those employed

in section 4.
Let us return for a while to an arbitrary torsion—free G-module N of finite type, and let
G be a finite group.

LElnlg 51. Let U zbc a normal subgroup of G, and suppose that H l(U,N.) =0. Then
| LAGMI < | LUUM] + | HYG/U, NV

Proof : The statement follows from the commutative diagram

0

|
Wiem — Wiom

l |

@) 0 — HAG/UNY) — HYGN) — HYUN)

l !

I H%<g>N) — I H%*<g>,N),
%€a €U
the vertical sequences being exact by definition, and the horizontal one arising from the

Hochschild—Serre spectral sequence on account of the condition H !( U,N) = 0.

LElnlg 5.2. Let G= zUxi V, and suppose that HY(U,N) = 0. Then
[Wa(GMI < | (TN + [ WWa(VMI + | HY VNN
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Proof : If follows from (21) that | LUi(G,N)I < I_Ui(U,N)] + | A], where A is the kernel of
composite homomorphism H%(V,N U) — HYG,N) — IIGH %(<g>,N). The exact sequence of
g€

Vemodules 0 — NV — N— N/NY — 0 implies that | A] < | B(V,N/NY)| + | B|, B being
the image of A in H?(V,N). From the commutative diagram

0 —s A — B VNS — HGH2(<g>,N)
*

N ! !

0 — [LNVN) — HYVN) — I H¥<g>N)
€V

it follows that BC ||]2(V,M).
Recall that the Gy—module Pic X is isomorphic to M(D;) because of 2.12 a), and that

LI (G,M(Dy)= |LIa(G,Q(Dy)).

COROLLARY 5.3. Let GC W(D;), and supposc that M(D5)G: 1 (this property characterizes
minimal subgroups of W(D;) not lying in W(D,)). Assume that U is a subgroup of G of
indez 2, such that U is ¢ minimal subgroup of W(D,) and H'(UM(D;))=0. Then
| LS(GMD) < | LLIAUMD,)-

Proof : In view of 5.1, it is enough to show that M(D;) U_ M(Dy) W(D,) ~Iol is a

. GxnW(D,)
permutation W(D;)-module. It can be done in the following way : (Pic X) is

generated by K X and {4, K X being the canonical class of X, and 4, being the class of a fibre
of the conic bundle, therefore — K X—lo is the class of the fibre of the complementary conic
bundle, and the group W(D;) interchanges 4 and — K x —%- We can express the same thing
in another way : the W(D4)_—invaria.nts are generated by sums of lines corresponding to the

joined pairs of vertices of the graph I' lying on the left and on the right of the vertical line, and
the group W(D;) interchanges these pairs.

COROLLARY 5.4. Let G = UX VC W(D;), andlet both U and V be non-minimal subgroups of
2
W(Dy). If H(V,M(Dg)/M(D)¥) = 0, then (L12(G,M(Dy)) = o.
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Proof : In view of [28] (Ch. IV, 7.7) we have HY(UM(D;))=0 (U being a non—minimal
subgroup of W(D;)).

COROLLARY 5.5. Let G= UxVC W(Dy), and let M(Ds)U: /8 Suppose that
HYU,M(D;)) =0. Let V be a subgroup of S, which is embedded into S;C W(D;). Then

| L a(GM(D)] < | LLIa(U,M(Dy))] -

Proof : Let us employ Lemma 5.2. We have U_]:( V,M(D,)) =0 since Q(D;) is a permutation
V-module. Besides, M(Ds)/M(D;) W(D;)_ P(D;) is the weight lattice (see the exact sequence
(11)). As a submodule of Q(B;)® Q this lattice is generated by Q(Bs;) with the element
(e +...+e;) added to it. One can take {e,ee56,4(e,+...4€5)} for a basis of P(D;). Since
S, permutes the first four elements and fixes the last one, it follows that P(D;) is a
permutation V—module, in particular, H ‘(V,M(D5)/M(D5)U =0.

Let G be a minimal group, G ¢ W(D,). According to Figure 4 the decomposition of T’

into G-orbits belongs to one of the following types : I, X—XI, XVI-XIX. Any more or less
complete list of such groups would be, probably, too lengthy, therefore in this section we act in
the following way. We compute the maximal groups of automorphisms of all the types, then we
establish k-rationality of the torus dual to G—module Q(D;) whenever the decomposition type

of G is XVI (or its subdecomposition). For the remaining types (except for type I) we use
enumeration of cases excluding some series of groups with ||| (G,M(D;)) = 0.

PROPOSITION 5.6. The mazimal groups of automorphisms of the types, which are not subtypes of
type XV, are:

Aut(I) =<cye3¢465,(15)> x <(23),(34)>, Aut(X) = <¢e5¢465,(15)>,

Aut(XI) = <¢;6¢364,6,65(23)>, Aut(XVI) = <eyc5¢,465,(15)> x <(34)>,

Aut(XVII) = <c564,(34)> x <¢y65,(25),(12)>, Aut(XVII) = <(12)(34),c,¢5(1243)>,
Aut(XIX) = W(D;).

Proof : One can immediately check that the above generators preserve corresponding types. Note
that a vertex in any horizontal row of T' is joined to a unique vertex in the first row. It follows
that the action of any element ¢ preserving all the rows (type X) is determined by its action on
an arbitrary row. However, a row viewed as a graph is nothing but a square, hence Aut(X) is at
most the dihedral group.
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Any element of Aut(I) is equal to a product of an element of Aut(X) by an element of
Sy= <(23),(34)>, since Aut(X) (respectively S;) determines the law of permutation for the

columns (respectively for the rows).
The group Aut(XVI) is a proper subgroup of Aut(I), and <cyc;e,65,(15),(34)> is a

Sylow 2-subgroup of Aut(I) whose index in Aut(I) is equal to 3, hence these two subgroups
coincide.
To compute Aut(XVII) we note that any permutation from S; fixes the vertex ¢ of T.

Therefore, if c¢pe Aut(XVII), then cy€ {1,65¢4,¢10,05¢5}. All these elements belong to

Aut(XVII), hence p also belongs to Aut(XVII), i.e. pe {1,(34),(12),(25)}.

We begin the computation of Aut(XVIII) by observing that this group contains no
element of order 5 or 3. Indeed, an element of order 5 is conjugate to (12345), and its orbits
on I’ are of lengths 5,5,5,1, hence such a decomposition cannot be a subdecomposition of type
XVIIIL Elements of order 3 are conjugate to (125). I' should have been decomposed into two
orbits of 8 elements each in such a way that (125) preserves this decomposition, and each
vertex is joined with three vertices in its own orbit and two vertices in the other. One easily
checks, that there is no way to do so, other than the decomposition of type XVII. The latter is
not equivalent to the decomposition of type XVIII. Thus, Aut(XVIII) is a 2-group. We have
Aut(XVIII) N <e;6,6,65,C564,C4C5> = <C;6¢3¢,>, hence the index of Aut(XVIII) in a Sylow

2-subgroup of W(D;) is at least 23. The order of a Sylow 2-subgroup of W(D;) is equal to
27, and the group <(12)(34), ¢;¢c5(1243)> is isomorphic to the dihedral group of order 2* It
follows that Aut(XVIII) = <(12)(34), cyc5(1243)>.

Finally, since the decomposition of type XI is a subdecomposition of type XVIII, in order
to prove that Aut(XI) = <¢;e65¢,, ¢,65(23)> ~ (Z/2)® it is enough to show that Aut(XI)

contains no element of order 4. There exists only one element of order 4 in Aut(XVIII) (up to
an inversion), and it does not preserve the decomposition of type XI.

PROPOSITION 5.7. Let G = Aut(XVI) = <¢y¢5¢,¢5,(15),(34)>, then the algebraic torus dual to the
G-module Q(D;) is rational over the ground field.

Proof : Recall that Q(D;) is isomorphic to Q(C;) as a W(D;)—module; it is a submodule of
index 2 in Q(Bg). Let {ey,...,es} be the standard basis of Q(B;), then Q(C;) is defined by
the condition that the sum of all coordinates is even. Let €= ey — €5, €= €, — €5, €= ¢, + €,

€= €3 — €y, €= e —ey be a basis of Q(C;). We immediately observe that the G—module
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@Q(Ds) can be decomposed into the direct sum of the G—module generated by ¢,, ¢, €3 and the
G-module generated by ¢,, €;. Respectively, the dual torus is a product of a two—dimensional

torus by a three—dimensional one. According to [43], all the two—dimensional tori are rational
over the ground field. Consider the G-module <e;,€,,6;>. Let us remark that (34)€ G acts

trivially. We claim that this G-module is isomorphic to the kernel of the homomorphism
I[<cye36465,(15)>/<(15)>] — T mapping elements of the canonical basis to 1. Let us define

this isomorphism explicitly :

fle) = cegese; . <(15)> — <(15)>,
fle) = cyegeqcy . <(18)> — ¢iepeqey - <(15)>,

flez) CyC3€4C5 - <(18)> — ¢i65 - <(15)>.

It follows that the torus T dual to <ey, €, €3> is rational : indeed, let kC FC L be the
extensions corresponding (in the sense of Galois theory) to the subgroups

<€yC3¢4C55(15)> 2 <(15)>2 {1}, then T= RF/k(Gm PG> where RF/k denotes Weil's

descent [45). T admits an open embedding into P3, thus it is A-rational (see also [43], 4.8).

COROLLARY 5.8. Let GC W(D;) provide the orbit decomposition of T' of type X, XI or XVL
Then the algebraic torus dual to Q(D;) is rational over the ground field. In particular,
[_]_]:(G,Q(D5)) =0. If the decomposition of T into G-orbits is of type I, then
LLI&(GQDy) = 0.

Proof : If G provides the orbit decomposition of type X, XI or XVI, then the statement is quite
clear, G being a subgroup of Aut(XVI). Let GC Aut(I) = <cye3c4¢5,(15)> x <(23),(34)>.

As it has been already noted, Aut(XVI) gs a Sylow 2-subgroup of Aut(I). Therefore, if G(2)
is a Sylow 2-subgroup of G, then || (G(2),Q(Ds)) =0. Obviously, H?* G,Q(D;)) can be

embedded into II H?*(G(p),Q(D;)), and Ker[H*G,Q(Ds)) — nG H¥<g>,Q(D5))] can be
p IS

embedded into IT Ker[H %(G(p),@(Ds)) — IGI( ) H%<g>,Q(D;))). Forevery p# 2 the group
p *Gp

G(p) is cyclic (this follows from the fact that | W(D;)| = 27.3.5), hence

2
L o(G(p), A D;)) = 0.
It remains to investigate groups of types XVII, XVIII, XIX. We begin with type XVIIL
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PROPOSITION 5.9. Let the orbit decomposition of T defined by G be of type XVIII, then G is
conjugate to ome of the following groups : G, = Aut(XVII) = <(12)(34),c,¢;(1243)>,

G, = <y65(1243)> or Gy = <y04(14)(23),0565(14)>.

Proof : Aut(XVIII) ~ Dy is the dihedral group of degree 8, i.e. <a,b| a® = babs = 5 =1>. We

are interested in its subgroups of order 8 because such is the orbit length for the decomposition of
type XVIIL If G does not coincide with <a>, then GN <a> = <a*>, hence G is either
<al,b>, or <d?ab>. However, <alb> = <c,c,(14)(23),(12)(34)> coincides with the group

Aut(V), i.e. does not belong to type XVIII. The group G, = <a?ab> is of type XVIIL.
2
COROLLARY 5.10. Let the orbit decomposition for G be of type XVIII, then ||| (G,Q(D;)) =0.

Proof : The statement is trivial for the cyclic group G, G; contains the subgroup
<d?,b> = Aut(V) of index 2, and G, contains the subgroup <e;c,(14)(23)> = <a®> also of
index 2. The latter is conjugate to Gz,s and thus belongs to type V (Proposition 4.7). Since
minimal subgroups of type V have the property H(G,M(D;)) =0, we can apply Corollary 5.3.

It remains to use Theorem 4.13.
Let us go over to the groups of type XVIL. Let A= <cy¢,,(34)>, and let

B = <(12),(25),¢,¢5>, then Aut(XVII) = Ax B. Looking at the graph I' we immediately see
that neither A, nor B is a minimal subgroup of W(D;). Now we need the explicit action of
W(D;) on M{Dg). We have a decomposition of Z-modules : M(D;)~ Q(D;)® I, let S bea

generator of Z.
If ae Q(D;), then g acts on « in the usual way, and g8 = f+ w;~ g w;, where wy

is the fundamental weight corresponding to the vertex at the short end of the Dynkin diagram
(cf. sectior 1). In the standard basis {e,...,es} we have w;=4(e+...+¢;), therefore, if

g€ S;, then gf=p, and if 9= ¢ then g8=p0+ e+ ¢ -

THEOREM 5.11. Let the orbit decomposition for G be of type XVII, and let L]_}f,( G,Q(Dy)) # 0,
then G is conjugale to one of the following groups : Hi= <c,c;(12)(34),c5¢3¢,¢5(34)>,
Hy= <cze4,6,65(12)(34)>, Hy= <304,6,6,0,65(34)>, or Hy= <c3¢,,(12),¢0¢5(34)>; for these
groups |1)2(G.QDy) = T/2.
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Proof : Set G, =GN A, and denote the group GA/AC B by Gp, then G can be

represented as an extension 1 — G 4 G— G p— 1.

Let G=Gyx Gp, then M(D5)GBQ <es,e,>, hence M(Ds)/M(D5)GB is a trivial
G y~module. Corollary 5.4 now states that for such groups |[|]3(G,M(D;)) = 0. Note that if
Gy=4, then G=G x Gp

Let G, =<(34)> or <ccy(34)>. One may assume that G, = <(34)>, otherwise
one can conjugate in W(D;), for example by c¢,c;. In this case, G = <(34)>x G’, where
G’ C <c3¢4(34)> x B; we have M(DS)G’ ) <eg—e,>, hence M(Ds)/M(Ds)G' is a trivial
<(34)>-module. Since neither <(34)>, nor G is minimal, one can apply Corollary 5.4 again.

Let G 4=1 then G~ G BC B. The orbit length for the decomposition of type XVII is
equal to 8, and B is isomorphic to §j, hence Gp is isomorphic either to 5, or to D, Let
Gp= B = <(125),(15),¢,6,>, and let G = <(125), p(15),v¢ics>. Since (Vc1c5(125))3 =y, it
follows that v=1. The only px for which G is minimal is pu= ¢, ie.
G = <(125),¢,¢5,¢3¢5(15)>. Let us compute U_Jz( G,Q(Ds)) according to the recipe of Theorem
1.22. Since G, = <(125),¢,c;> is isomorphic to A,, we have Hom(G/G,1/2) = 1/2; the
character x Gl given by the G-action on {e;, —e3} is non—trivial on G, hence
[_[_]f,(G,Q(Ds)) =0. Let Gp= <(15),c¢;> be the dihedral group, then G = <pu(15),vc,c5>
with p,v€ A. Now one has to analyse all the possible cases. If x=1,(34) or c;c,(34), then
G cannot belong to type XVII. Consequently, u= csc,, and there remain three possibilities :
<e3ey(18),0065>, <c364(12),¢9¢3¢4¢5> and  <czc4(15),65¢5¢4¢5(34)>. For each of these groups
we have G, = 1. In the first case, Xg1 corresponding to the G-action on {e;, —e;} is non
trivial on cy¢,(15) and trivial on ¢, and XG2 corresponding to the action on {e;, — e,} is
trivial on ¢3¢,(15) and non—trivial on ¢y, i.e. U_j:( G,Q(Ds)) = 0. In the second case, one
can use similar arguments. In the third case, the orbits of pr(G) are {3,4}, {1,5} and {2}.
The character corresponding to the first of these is trivial on G, and two others coincide, hence
LL12(G,@(Dy)) = Hom(G,1/2)/(L/2) = I/2. Thus we obtain H,.

Now consider the case where G 4 = <c3ca>, then G=G ke G’ with

G’ C <(34)>x B. Since the orbit length for the decomposition of type XVII is equal to 8, the
order of G’ is divisible by 4, ie. G’ ~ G B is isomorphic to one of the following subgroups of

B Sy <eey,(12)>, <cies(12)> ~I/4, <cepee> =V, <,6,,(15)> « Dy, A, S, In the
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first case, G is contained in <cscy,(34),¢,6,,(12)> and cannot belong to type XVII. Let
G B= A, Thegroup A, is generated by its elements of order 3, let 7 be one of them. Suppose
for a moment that g€ A is such that py€ G, and let u# 1; then (uy)® = pe A which
contradicts the assumption G, = <cc,>, therefore G'= <¢zep>x Ay =Gy x Gp, and we
are in the situation considered at the very beginning of the proof. Assuming that Gp = 7/4 we
get H, = <czeqy,05(12)(34)>. For this group we have : (Hyo =1,
Hom(H,/(H,)s,L/2) = (Z/2)%. The orbits of pr(H,) are {1,2}, {3,4}, {5}; let us denote the
corresponding characters by XG1 Xg2 XG3 They are trivial on ¢3¢, and Xg1 Xg3 e

non—trivial on ¢,c5(12)(34), hence

mi(H2>Q(D5)) = Hom(H2/(H2)01/2)/<XG’1’ XG,Qa XG,3> = Z/2

Assuming that Gp= V= <¢6,¢,6;> and excluding the case G= G, x Gp we get (up to a
conjugation) Hy= <c5¢4,€,Cy,¢105(34)>. Here (H)o=1, and Hom(Hy/(Hj)o,Z/2) = (1/2)%
The character corresponding to the action of the group on {ey, —e,} is trivial on all the
generators except the second one, and the one, corresponding to the action on {e5 — €5}, is
trivial on all the generators except the third one. Finally, each x G,i is trivial on ¢3¢y, hence
L z(Hs,Q(Ds)) = (2/2)*/(T/2)* = T/2. Assumingthat Gp= D, we have several possibilities :

Hy= <c364,6,65(34),(15)>, <€3€4,¢,65,(15)(34)>, and <czey,6,¢5(34),(15)(34)>.

In the last two cases, Gy= <c3¢4,¢,65,(15)(34)>, and the character corresponding to {1,5} is
non—trivial on ¢e, and ¢¢,(34), hence LLJ:,(G’,Q(Ds)) =0. On the other hand,
(Hy)g = <(15),¢,¢5>, the character corresponding to {2} is non—trivial on ¢;¢,(34), and all
the characters are trivial on ¢;¢c, and (15), hence LUZ;(H4>Q(D.=.)) =1/2. Consider the very
last case, where Gp= B and G = <c30,,(125),v¢,0,4(12)> with v and p being equal either
to (34) or to 1. Since (vee(125))3=v, it follows that wv=1. Finally,
G = <¢3¢4,(125),¢,,(12)(34)>, and one can see that G = G, hence LJ_Jz(G,Q(Ds)) =0.

The theorem is proved.
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THEOREM 5.12. Let a group GC W(D;) act on the graph T irensitively (i.e. its orbit
decomposition is of type XIX). If U_]i(G, Q(Ds))# 0, then G is conjugate to one of the
following groups : Jy = <eze5(12),¢1¢5(1324) >, Jy = <ci6g,¢,05(1324)>,
J3 = <ci6y,0565(12),(13)(24)>, J, = <c16y,65¢5(12),¢,¢5(34)>; for  these  groups
LLI(G.M(Dy) = T/2.

This class of subgroups of W(D;) is especially numerous, and the proof will be divided

into several steps. As in section 4, let GA denote the kernel of the homomorphism
pr: W(D;) — S, restricted to G, and let 6P denote its image. We shall list all the subgroups

e € <€;6y,6903,63C4,C4C5>, and look through all possible G‘s for each G4, The transitivity

of the G—action on I' implies that | G| is divisible by 16. Furthermore, the order of a Sylow
2—subgroup of S; is equal to 8, hence G # 1. Note, by the way, that a Sylow 2-subgroup of

S, is conjugate to the dihedral group D, therefore it lies in S,.
LEMMA 5.13. Let G = (/2)*, then [|]3(G,Q(Dy)) = 0.

Proof : In view of the argument used in the proof of Corollary 5.8, it is enough to show that
LL]i(G(Z),Q(D5)) =0, where G(2) is a Sylow 2—subgroup of G. Since G(2)Bc Sy one can

apply Corollary 5.5, taking U= G(2)4 and V= G(2)B. One easily checks that G/ = (Z/2)*
is of type XIX, in particular, H ‘(GA,M(D5)) = 0. The immediate application of Theorem 1.22
yields U_]:,( GA,Q(D5)) =0, and Corollary 5.5 gives the statement of the lemma.

LEMMA 5.14. Let G = <€,C9,C9C3,C3¢4>, then U_]z(G,Q(D5)) =0.

Proof : The group GB is contained in S, realized as a permutation group on {1,2,3,4}, since

GA is stable under conjugations by elements of GB . Let us assume that GB is generated by
permutations a and f, then we have to consider three cases : <GA,clc5oz,ﬂ>, <G, a,c.050>,

and <G'A,c,c5a,clc5ﬂ> = <GA,c1c5a,aﬂ> (multiplying by elements of GA, one can always

writze the generators in such a form). Note that according to Theorem 4.13 we have
U o(G,Q(D,)) =0 for subgroups GC W(D,) containing A our group G contains a

subgroup U of such aform: U= < GA,ﬂ>, <GA,a> or <GA,aﬂ>. It is not difficult to see
that U is a minimal subgroup of W(D,) with the orbit decomposition of type XV, in

particular, H'(U,M(D,)) = 0. By Corollary 5.3 we conclude that I_Ui( G,Q(Dy)) = 0.
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LEMMA 5.15. Let G4 = <016y,6y3> % <y05>, then ||](G,Q(Ds)) = 0.

Proof : In this case, GB € <(12),(23)> x <(45)>. Indeed, if o€ S; normalizes ¢4 and
o <(12),(23),(45)>, then there exist i,je {1,2,3} such that o(i)€ {1,2,3} and o(j) € {4,5}.
Consequently, o cicj ol¢g G which is absurd. Thus, G = <G’4,clc4 a,f,7>, where a,f, 7
generate GB (otherwise, GC <G/,(12),(23),(45)> = Aut(XVII)).

Suppose first that G is a 2-group. If 6P = <(12)>, then G= <GA,clc4(12)>. Let
U= <¢c,(12),¢,¢5>, it is the group G1,4 from Proposition 4.4. It belongs to type XV
(Proposition 4.7), in particular, HYU,M(D;)) =0. According to Theorem 4.13 we have
LLI2(U,M(Dy)) = 0. Corollary 5.3 now yields ||]%(G,M(Dy)) = 0. If G = <(12)(45)>, then
G = <G 6,6,(12)(45)> = <eye5,c,0,(12)(45)>, since

CyC3-€1C4(12)(45). ¢y¢5.(€1¢4(12)(45)) ™ = ¢16p.

Let us compute U_]:,( G,Q(D;)) using Theorem 1.22. We have G, =1, Hom(G,Z/2) = (Z/2)%
the character associated to the G-action on {eg, —e;} is non—trivial on c¢yc; and trivial on
¢,¢,(12)(45), and the character associated to the orbit {4,5}. is, on the contrary, trivial on cyc;
and non—trivial on ¢,c,(12)(45). Consequently, U_Ji(G,Q(Ds)) =0 1f GP= <(45)>, then
G= <GA,c1c4(45)>. Set U= <c,¢),c,c4(45)>; this group is conjugate to Gh3 and thus
belongs to type XV.  Applying Corollary 5.3 we get [_]_]i( G,M(Dg))=0. If
6B =<(12),(45)>,  then G = <G 6,(12),(45)>, <G (12),¢,c,(45)> or
<G (12),12)45)>. Let U=<GAec(12)>, <Ghec(s)> o <Ghec(12)>,
respectively. As we have just proved, U_Ji( U,M(D;)) = 0. Since these groups belong to type
XIX, we have HYUM(D;))=0. Set V=<(45)>, <(12)> or <(12)(45)>, then
G = Ux V. By Corollary 5.5 we conclude that ||| (G,M(Dy)) = 0.

If G isnota 2—group, a Sylow 2-subgroup G(2) is either of type XIX (and has been
considered above), or of type XVII (because G(2) contains G*° belonging to type XVII). In
the latter case, we can write G(2) = G(2) 4% G(2)g (in the notation of the proof of

Theorem 5.11), hence LU‘:(G(Z),M(D5)) =0 (Theorem 5.11).
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LEMMA 5.16. There are no groups GC W(D,) with transitive action on T', and GA conjugate to

<10y, CyC3>, <CCyyCeC3€4C5> O <CiCo>.

Proof : Arguing as in the proof of the previous lemma we see that in the first case, GB is
contained in <(12),(23),(45)>. However, G { Aut(XVII), hence G contains an element of
the form ¢;¢,(12). The order of GB is divisible by 4, therefore @ also contains either (45)

or c¢4c5(45). The squared product of this element and the preceding one does not lie in G,

which leads to a contradiction. In the second case, GB € <(12),(34),(45)>. If u(34)€ G, then
multiplying by an element of GA, wereduce 4 to 1 orto cgeq If ¥(12)€ G, then we can

assume that v = cgc,c4¢5 OF 365 Multiplying cic](lz) by (ik), where {i,jk} = {3,4,5}, we
get (cicj(12)(ik))2=cick, which contradicts the assumption on 4. Finally, if

64 = <¢e;>, then GBC <(12),(34),(45)>, and the order of GP is not divisible by 8.
We have investigated all the subgroups of <c,¢y,¢y¢3,¢3¢4,64¢5> except for <ccy,c3¢4,>

and <ccyc36,>.

LEMMA 5.17. Let G’A = <¢,6yC3¢4>, and suppose that U_]i(G,M(Ds))# 0, then G is conjugate
to J, = <cyes(12),0,05(1324)>, and |[]2(G,M(Dy)) = I/2.

Proof : Obviously, GP¢C <(12),(1234)>; GP is either D, or S, since | GB| is divisible by
8. Let GB =S5, If qe GB is a 3—cycle and ¢ j'ye G, then both i and j are from
{1,2,3,4} (indeed, ¢ics 7€ G implies (cic5)3e G, which is impossible). Therefore, denoting
the natural projection G— S, by pr, we see that U= pr'(4,) is an index 2 subgroup of
G, lyingin W(D,). Besides, U is conjugatein W(D;) either to Cv'g’1 or to Gs,z’ belonging
respectively to type III or XV; in particular, H'(U,M(D;)) =0. According to 4.13 we have
U_]i(U,M(Ds))=0, hence (by 5.3) U_]i(G,M(Ds))=0. Now suppose that
6B = Dy = <(12),(1324)> and G = <¢jcyeq0y, p(12), ¥(1324)>. If v does not contain ¢,
conjugating by an element of <c,¢,,663,63¢4,¢4¢5> we obtain v =1, then p=cz¢5 or ¢y
These elements are conjugate under (12)(34)€ G, i.e. G = <c3¢5(12),(1324)>; G contains
€63 = (¢365(12)(1324))2, which contradicts the choice of GA. Thus v= . I p=1 or
¢, ¢y, then multiplying (cz.c5(1324))2 = cz.cj(lz)(34) by #(12) on the right and looking at the
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square of this product, we see that cyc € G, which again contradicts the choice of A
Consequently, p=cye; or ¢ These elements are conjugate under (34) which maps
<egc(1324)> to <c5cj(1324)>. The conjugation by (12) fixes ¢;c5(12), maps ¢;¢;(1324)
t0 <c,05(1324)>, and <c,c5(1324)> to <cy¢5(1324)>. Now we must analyse two groups. The
first one is J, = <¢5¢5(12),¢,6;(1324)>. Let us apply Theorem 1.22. We have (J), = 1; orbits
of pr(J,) provide a unique non—trivial character, hence [_Ui( G,M(Dy)) = (1/2)2/ (Z/2) =1)2.
The other group is G = <c3¢5(12),6,¢5(1324)>. One can check that G is conjugate to
Aut(XVIII).

LEMMA 5.18. Let G = <¢65,63¢4>, and suppose that LUZ,(G,M(Ds))# 0, then G is conjugate

either to  Jy = <cic,¢,05(1324)>, or to  J3= <ccyc05(12),(13)(24)>, or to
2

J4 = <616‘2,6365(12)76165(34)>, and I_Uu)(GvM(DS)) = Z/2

Proof : We have GBQ <(12),(1324)> since 6P is contained in S, = <(12),(1234)> but
contains no 3—cycle. Since IGAI =4, it follows that 6B = 1/4, V4, Dy, or <(12),(34)>. If
6B = <(1324)>, then G = J, = <¢i6,6,65(1324)>. We have (Lo =1,
Hom(J,/(J5),2/2) = (Z/2)% the characters of J, arising from the orbits {1,2,3,4} and {5}
coincide, therefore ||| 2(J,M(Dy)) =T/2. I  GP=<(12)(34),(13)(24)>,  then
G = <¢e,p(13)(24),1(14)(23)> with p and v ranging over the set {1,¢¢;,6565,¢65). If
b= ccs, then (¢ c5(13)(24))? = ¢;c;, which is impossible. Therefore, 4 and » can only be
equal to 1 or €1C3, but in these cases, Gc W(D,). If
6P = <(12),1324)> = <(12),(13)(24)>,  then G = <c,eu(12),(13)(24)>,  where
#e {Lcies,e365,¢¢53 and  ve {l,c65}. Conjugating by c¢; we reduce » to 1. Since
G { W(D,), it follows that u=¢c; or ¢z Consider G = <e;65(12),(13)(24)>. We have
Gy = <(13)(24),¢,c5(14)(23)> ~ Dy;  G/G,=1/4 is generated by the image of ¢,cs(1324),
Hom(G/G,L/2) ~1/2, and the character associated with {5} is non—trivial, hence
L a(G,@(Dy)) = 0.
Consider G = Jy = <e¢365(12),(13)(24),¢,6,>. We have

(J3)p = <(13)(24),¢y¢5(14)(23)> =~ D
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Jy/(J3)o = (Z/2)* is generated by the images of ¢, and czc;(12), however the characters
given by the orbits {1,2,3,4} and {5} of pr(J;) = D, coincide, hence U_]:(Js,M(Ds)) =1/2.

It remains to treat the case GD = <(12),(34)>. Here G = <GA,p(12),u(34)> with x and v
from {1,¢,¢;5,¢365,6,¢3}. If p=1, then (for any ») G does not belong to type XIX. The case

v=1 is similar. If p=cc;, then U= <GA,c1c3(12)> = Gh3 belongs to type XV, and
LU:( U,M(D;)) = 0. By Corollary 5.3 we see that [_Lli( G,M(D;)) = 0. The case v=cyc; is
similar. The remaining groups are G = <¢;¢5(12),65¢5(34)>,
Jy = <¢,65(34),6565(12),0,6>, <c,65(12),6,65(34),63¢,>, and <ce5(12),¢3¢5(34),¢,¢,>. The last
two groups do not belong to type XIX. Further, G, =1, Hom(G/G,I/2)~ (Z/2)% the
character corresponding to {1,2} is non—trivial on ¢;c;(12) and trivial on c3¢5(34), and vice
versa for the character corresponding to {3,4}, hence [_UZ,( G,M(D;)) = 0. Wehave (J,), =1,
Hom(J,/(J)o,L/2) = (Z/2)3; the character corresponding to {1,2} is non—trivial on the first

generator and trivial on the others, the character corresponding to {3,4} is non—trivial on the

second generator and trivial on the others, and the character corresponding to {5} is the
2

product of two preceding ones. Thus ||| (J4,M(D;)) = Z/2.

The theorem now follows from Lemmas 5.13—5.18.
On account of Proposition 1.24 we can restate Theorems 5.11 and 5.12 as follows.

COROLLARY  5.19. a) Let GC W(Cy), G ¢ W(C3) = <(12),(123),¢,>,
G ¢ W(D,) = <(12),(1234),¢,c,>, and let U_]f,(G,Q(CQ) #0, then G is conjugale to one of
the following groups :

<¢,(12)(34),c5¢5¢4(34)>, <e364,6,(12)(34)>, <€364,C,C9,¢1(34)>, <3¢4,(12),¢5(34)>,
<169,¢4(12),¢4(34)>, <c3(12),6,(1324)>, <c,6,¢,(1324)>, or <c,cy,c5(12),(13)(24)>,

for which [1]5(G,Q(Cy) = T/2.
b) If GC W(D;) is not conjugate to G’ C o( W(C,)), then Ll_]z(G,Q(Ds)) =0.

We end this section with an analog of Theorem 4.19 (unfortunately, a less precise one) :

THEOREM 5.20. If a Del Pezzo surface X of degree 4 with Pic X~ 1 is stably k-rational but
not k-rational, then its splilting group G X is conjugate to one of the following groups :

I} = <(234),cp¢3¢,65(23),¢,65>, I = <(234),¢,¢5¢,¢5(15)(23)> or I; = <(234),(15),c,¢5¢4¢5(23)>.
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Proof : Our arguments are similar to those used in the proof of Theorem 4.19. Stable rationality
of X implies that the G X—module Pic X is a direct summand of a permutation G X—module,

hence for any subgroup GC Gy we have H !(G, Pic X) = 0. Therefore, a minimal group Gy

can only belong to one of the types I, XVIII, XIX (see Table 3 in [28], Ch. IV), and the case of
non—minimal groups can be treated in the same manner as in Theorem 4.19. Assume that G X

is of type XIX. In the proof of Theorem 5.12 we have listed all the subgroups
G§§ <€103,63,63C4,C4C5> Which can appear as Ker(pr), where pr: Gy — Sy is the natural

projection. Any subgroup from that list contains  <¢cyeze,> = Aut(IV)  for which
H'(Aut(IV),M(D;)) = (Z/2)* and thus does not satisfy the necessary condition. If Gy is of
type XVIII, then, according to Proposition 5.9, G X is conjugate to G;, G, or G All these
groups  contain €1CyC3C4. Hence Gy is of type L Recall that
Aut(I) = <cye5¢4¢5,(23),(234),(15)>. Since Gy is of type I, | Gyl is divisible by 12 (the
length of an orbit). Since ¢yeycqc; € Gy, there remain two possibilities for G}: 1 or <ccs>.
In the first case, G = <p(23),7(234),/(15)>. Since p,NVE <cyC3¢4C5CiC>, it follows that
n=1, and v=1 or ¢c; If p=1 or ¢c; then Gy is non—minimal. If 4= ¢yc3e,65 or
€ CC3¢q, then  (1(23).1(15))2 = ¢ieq€ Gy, which contradicts the assumption Gﬁ,: 1.
Therefore, there are no groups Gy C Aut(I) with Gsl{ = 1. In the second case Gf{ = <¢e5>,
G)'? can be one of the following groups : <(23),(234)>, <(234),(15)>, <(23),(234),(15)> or
<(234),(23)(15)>. We  get  respectively I} = <cyc304¢5(23),(234),¢,05>,
G = <(234),c5c5¢4¢5(15)>, G* = <(23),(234),c65¢465(15)>, I = <cye5¢,05(23),(234),(15)>,
G" = <yc364¢5(15),(234),(23)(15)>, I, = <(234),¢,¢5¢,¢5(23)(15)>. Note that G, G’ and
el contain the group <€yC36405(15)>, which belongs to type X, and
HY(<cye30405(15)>,M(D)) = (1/2)%

Remark 5.21. All the Sylow subgroups of I, I, and I are non—minimal, therefore for any
group UC I ] its Sylow subgroups are non—minimal too. Hence H '(U(p),M(D;)) =0, therefore
HY(UM(Dy)) = 0.

According to [17] if all G(p) are cyclic for p > 2 and G(2) is either cyclic or dihedral,
then the following statement holds : if H!(U,N) = H}U,N) =0 for any subgroup UC G,
then the G-module N is a direct summand of a permutation module. In our case, we have
M(Dy) =~ M(Dg)°, therefore, if G x is conjugate to I;, I, or I3, then the GX—module Pic X

is a direct summand of a permutation G X—module.



6
CONIC BUNDLES AND DEL PEZZO SURFACES OF DEGREE 4
WITH PRESCRIBED SPLITTING GROUPS.

In this section we are interested in the following problem : given a subgroup GC W(Dn)

does there exist a conic bundle with n geometric degenerate fibres having G for its splitting
group ? (and in the same problem for Del Pezzo surfaces of degree 4). The answer is provided by
Theorem 6.3 (respectively, by Corollary 6.10). The developed machinery is then applied to
various problems. We prove the existence of a k-minimal conic bundle which is not split over
any extension of degree 2", thus answering a question of Colliot—Théléne and Coray [5]. We
also construct (more or less explicitly) Del Pezzo surfaces of degree 4 whose splitting groups are
either the maximal groups of automorphisms of the 19 types (see subsection 2), or the groups
with non—vanishing invariants (see subsection 3).

1. General method.

LEMMA 6.1. Let Z be a generalized Chatelet surface, i.c. a natural smooth compactification of the
affine surface given by :

(22) y-a = f(z)

where deg f(z) = 2n, and f(z) has no multiple roots (cf. Remark 3.10, or [7]). Let Lf denote
the splitting field of the polynomial f(z). If Y a¢ L., then Gy=T/2x Gf'

Proof. Obviously, the minimal field over which all the components of singular fibres are defined
is the compositum of L 7 and k(Y @) ; and the statement of the lemma follows.

Let f(z) = Sm z2m +..+ @, be a polynomial without multiple roots, and let

Gy # 0, G# 0. We define surfaces W, and W, by the equations

vy = f@)f
YoAZ = M2 () 72

2
in Pyx Ay We patch them together in Pyx (A)0) by themap: y= Y, 2=AZ, t=A™ T,

z= A", and get a smooth compact surface W. Its projection onto the z—axis equips W with
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1 .
a structure of a conic bundle over Pj. The fibres at £=0 and z=w are degenerate, their
components are defined over kya,) and k(ﬁ'z_m), respectively.

Quite similarly, let f(z) = i1 2mtl L a, be a polynomial without multiple

2 1
roots with ay . +1 # 0, ay# 0. Let us define surfaces V,,V,C P EX Ak by the equations

Y-z = f(o)f
Av-z2 = 2t pope
and patch them together in IPZx (A,‘c\o) bythemap y=Y,z=2,t= AT T,z=A1.We

get a smooth compact surface V'; the projection onto the z—axis defines on V a structure of a
conic bundle over !Pk. The components of the degenerate fibres at z=0 and rz=o are

defined over k{ya,) and k(1/—a2m A respectively.

LEMMA 6.2. The splitting group of the conic bundle W (respectively of V) is just the Galois group
of the compositum of the fields kya,), 16(1/a2 w (respectively, k(«/—-azm +1)), and the splitting
field of the polynomial f(z?).

Proof. The components of the degenerate fibres at the points z# 0, are defined over the field
obtained from k& by adjoining Ja_i, a; being the roots of f(z).

In what follows in the case when f(z) = a, x" +...+ a, is such that g€ (k*)? and (or)
(-1)" a,€ (k*)? we consider the conic bundle Z obtained by contracting rational components

in the fibres at z=0 and (or) £=w (Z being a relatively k—minimal model of the conic
bundle W or V). "

THEOREM 6.3. Let G be a subgroup of W(D,), and let k be an infinite field, char. k} 24 G.

Then there ezists a conic bundle X/k of degree 8—n with splitting group G iff there ezists a
Galois extension L[k with Gal(L/k)~ G .

Proof. Recall that since char. k) #G, any Fk-representation is a direct sum of irreducible
k-representations (Maschke's theorem), and each irreducible k-representation injects into the
regular k-representation ([42], §§ 105, 108). We have GC W(Dn)c W(B n). Consider the

W(Bn)—module Q(B,)  with the standard basis  e¢,..,¢,; Tecall, that the set

n?
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{el,...,en,—el,...,—en} is W(B,)-invariant (see §1). Let V be a k-representation of G

s m,
obtained by tensoring the G-module Q(B) by k, V= Q(B )@, k.Let V=10 @' W,
n L =1 j=1 Y

be the decomposition into irreducible k-representations of G such that Wz'j
isomorphic iff i=1i. Set W=V, and let y;: Viqk{Gj be an injection. Let
= ij 4]
€ = iEjEm » €y € Wz’j'
Now let L/k be a Galois extension with Gal(L/k) ~ G . By the existence of a normal
basis ([42], § 67) the G-modules kG] and L are isomorphic. Let «:k{G] — L be any

G—isomorphism. Set

and Wi' j are

o =§ gib.-a(w-(cij))
mT Sy U R m

where bije k will be chosen further on. We claim that the set {a,,...,an, - a,,...,——an} cLis

G-invariant, and the map e;— o, commutes with the action of G. Indeed,

ga,, = izj bij a(goi(gc;z])). Since  ge, =zxe m)r We have gc;‘] = te;-z m) " therefore

ga, =*a o(m) * Now let us show that for sufficiently general bi j the sets {el""’en’—el""’"en}

and {ay,...,& ,—al,...,—an} contain the same number of elements. If it is not so, then either

n

= — r SOm i.e. = =% .
o, o, for some m, i.e a, 0,or ap=ta, for some {¢+# r. In the first case we have

m. ..

5! bj a(pfe, ) =0 for all i, because o{p(V;) are different direct summands of the
=1

G-module L. Thus to ensure that o #0 for all m it suffices to choose bij so that

m. .. . .
-.)31z bija(wi(c,;z]))# 0 for all m and ¢ such that the vector (c%’l,...,c%’mi) is non—zero.
]:

Likewise to ensure that arqé ta, for all r#{ it suffices to choose bij so that

m. .. ..

'2' bij a(goz(c:] * e} )=0 for all r# d and i such that the vector
=1 ,

i,m;

. . i,m,
1,1 1 1 ’ : .
(cr’ £ e;’ N z) is non—zero. Therefore, for each ¢ we have to choose

m.
(b ey JE K ' outside a finite number of hyperplanes. This is clearly possible for any
i tl i

infinite k.
Now let Z/k be a conic bundle, obtained from the conic bundle given by

(23) ¥ -2zt = (-1)" ﬁl (2-a?)
=
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by contracting k-lines in the fibres at z=0 and z=w. This is possible since

n n
I ofe (K*)?, because II o€ 8=k (recall that GC W(D,)). To complete the proof with
=1 =1

n
the help of Lemma 6.2 we remark that the polynomial II (x——ai)(x+ ;) issplit in L, and is
=1
not split in any subfield of L . Indeed, if it were so, then there would exist g€G, g1, such
that ga; = @; for all ¢, but in this case 9e;= ¢, therefore ¢g=1 . The theorem is proved.

In fact this theorem holds for arbitrary & of char k4 2.

PROPOSITION  6.4. Let fireeos fn be independent wvariables, K=K fl,...,fn),
flz) = (—-1)n(:v"’+flzn_l+...+fn_1:l:+(—1)"ffl), and let a conic bundle Z over a field K be a

relatively K-minimal model of the natural smooth compactification of the affine surface
y*—322 = f(z). Then the splitting group of Z is the Weyl group W(D,).

Proof. Let g be a semisimple Lie algebra of the type D, . We identify g with the algebra of
square matrices g of order 2n satisfying g= s 9.5, where (in the basis Egpeeny €€ n,...,—el)
all entries of the matrix s are equal to zero except for S1.9n= %001 == Sop1 = 1 (see
(3], VIIL.13.4). Let o denote the tautological representation of g, let y = {H+..+¢{ H, bea
general element of the Cartan subalgebra § (here H; denotes the difference of elementary
matrices Ei,'i - E—i,—i)' Then the characteristic polynomial of the endomorphism o(y) is of the
form A(t) = 20 4 Fl(y)tzn_1 +ot Fo, ()t + Fy,(y), where (up to a sign) F(y) is the i~th
elementary symmetric function in ¢,,...,¢ n,—fl,...,—f n in particular, F2i _H(y) = 0 . Moreover,
Fy,(y) = det(y) = (=1)"det(sy) = (-1)"(Pf(sy))? . Set F(y) = Pf(sy), then Fy(y),.-r,Fy, o(y)
and F(y) are algebraically independent and form a basis of the space of W(Dn)*invaria.nt

polynomial functions on § ([3], loc. cit.).It means that the Galois group of the polynomial
W)= 2%+ P2 bt By P+ ()"F? over  KFy..Fy o F) s isomorphic to

W(Dn)' It remains to apply Lemma 6.2.

COROLLARY 6.5. Let k be a number field, then for any n there ezists a conic bundle over k with
n degenerate fibres and with the Weyl group W(Dn) for its splitting group. Moreover, there

ezists a conic bundle over a suitable finite extension with any given subgroup GC W(Dn) forits

splitting group.
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Proof. One applies Hilbert's irreducibility theorem.

Remark 6.6. Let f(z) = (—1)"(z"+ flzn—1+...+fn__lz+fn) and consider the associated conic
bundle Z over f,,.., fn) with (n+1) degenerate fibres. From analogous results on the
invariant polynomial functions on the Lie algebra of type C, it follows that G, = o W(C,))
¢ being the inclusion W(C,) — W(Dn 1) defined in 1.24.

PROPOSITION 6.7. There exists a conic bundle X defined over an algebraic number field k such
that for any eztension L[k of degree 2" the surface X L= Xx kL is not L-rational.

Proof. Let G =~ A; be the subgroup of S, of index 2. It is simple, and it contains neither a

subgroup of index 2 (since any such subgroup would have been normal), nor a subgroup of index
4 (since | A5} =60, and any subgroup of order 15 is cyclic). Consider an icosahedron I whose

centre is placed at the point (0,0,0) of R®. It is well known that its group of rotations is A; .
Let {v},...,05—0y...,—Ug} be the set of 12 vertices of J. The action of A5 on this set defines an
injection ¢ : Ay = W(Bg), whose image in fact belongs to W(Dg). Indeed, the character
o: W(Bg) — {1} , Ker 0 = W(Dy), is trivial on ¢(A;) since any character of a simple group is
trivial. We set G = ¢(4;). According to Corollary 6.5 over a suitable number field & there
exists a conic bundle X with 6 geometric degenerate fibres such that G X = G . Let us prove
that X enjoys the required property. Indeed, since G e is transitive on the set of components
of degenerate fibres, X is relatively k—minimal, hence k-irrational [21]. Assume that X L is
L-rational for some extension L/k of degree 2. Then the splitting group of X L sa
subgroup of G of index 2e, but according to the beginning of the proof /=0 . Therefore X IR

also relatively L—minimal, hence L—irrational. This contradiction proves the proposition.

Remark 6.8. The proposition just proved answers in the negative a question of Colliot—Théléne
and Coray [5].
We end this subsection with an analog of Theorem 6.3 for Del Pezzo surfaces of degree 4.
Let Z be a conic bundle of degree (8—n), where n=4 or 5, let §,€ Pic Z be the class of

a geometrically closed fibre. We choose one component in each singular fibre and denote these
components by ll,...,ln . The action of the splitting group GZ on the set of components

{KI,ZO—ll,...,en,lo—én} induces an inclusion ¢: G, < W(D,) defined up to a conjugation in
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W(B,). Let - ¥ be a standard embedding of W(D,) into W(D;) as the stabilizer of ¢ . If
n=>5, any conjugation in W(B;) is an inner automorphisme of W(D;), therefore the conjugacy
class 6(G5)C W(D;) is welldefined. If n=4, a conjugation in W(B,) might be an outer
automorphism of W(D,), but according to Lemma 4.6 it is reduced to a conjugation in the

normalizer of ¥(W(D,)) in W(D;), hence the conjugacy class Wof(G) is well—defined again.

PROPOSITION 6.9. Let G be a minimal subgroup of W(D;). If G is conjugate to a subgroup of
U(W(D,)), i.e. M(Ds)G ~1® I, then in order to construct a Del Pezzo surface of degree 4 with

the splitting group G it suffices to construct @ conic bundle Z with 4 degenerate fibres, such
that \IIOG(GZ) is conjugate to G and Z(k)#0 . If G is not conjugate to a subgroup of

Y(W(D,)), i.e. M(DS)G ~ 1, then in order to construct @ Del Pezzo surface of degree 4 with the

splitting group G it suffices to construct a conic bundle Z with 5 degenerate fibres, such that
8(Gy) is conjugate to G .

Proof. According to [21] (Theorems 4 and 5) a relatively minimal conic bundle Z with 5
degenerate fibres is isomorphic to a smooth cubic surface with a k-line £. Its blow—down X is
a Del Pezzo surface of degree 4. The conic bundle structure on Z is related to a pencil of conics
cut by planes passing through £¢. Singular conics of this pencil are exactly the pairs of
intersecting lines on Z each of them meeting £. They are the proper transforms of the conics on
X passing through z . There are 10 pencils of conics q*i on X (see 3.1, 3.15), and exactly one

conic of each pencil passes through z. It follows that the splitting group Gy =G,C W(Ds)

acts on the components of the singular conics on Z in the same way as it acts on the set
{g},9,---+¢,5} , i.e. on the graph A (cf. §0). We have proved the proposition in the case when

MDD ~1.

We now assume that a relatively k—minimal conic bundle Z has 4 degenerate fibres,
and Z(k)# 0 . Then according to [20] (Proposition 1) Z is either isomorphic to a Del Pezzo
surface of degree 4 or to an Iskovskih surface. In the first case, the blow—up of a good (i.e. not
lying on the lines) point is a cubic surface equipped with a conic bundle structure, and we are in
the situation considered above. In the second case, we perform an elementary transformation and
apply Theorem 3.18 a) ; after that everything again reduces to the case of Del Pezzo surfaces of
degree 4 considered above. As before it is easy to check that contracting a k-line on Y which
is a 2-section of the conic bundle under consideration, we obtain a Del Pezzo surface X of
degree 4 with Gy conjugateto G.
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COROLLARY 6.10. Let G be a minimal subgroup of W(D;), and let k be an infinite field,

char. k} 24 G. Then there ezists a Del Pezzo surface X[k of degree 4 with the splitting group
G iff there ezists @ Galois eztension L[k, such that Gal(L/k)~ G .

Proof. Apply Theorem 6.3 for n=5 . Clearly the conic bundle (23) has a k—point (for example
in the fibre at z=0). Now apply Proposition 6.9.

2. Maximal groups of the 19 types.

PROPOSITION 6.11. Let Gi denote the mazimal group of automorphisms of type i,
GC p(W(D,)). A Del Pezzo surface of degree 4 over Q with the splitting group G, is obtained
by a birational transformation from a generalized Chatelet surface 1*—as® = fi(:c) for the
following polynomials: fy(2) = z(B+2-1), f4(z) = 2*—z+1, [, (z) = z(2-b))(2—by)(z-d5),
D) = @HED),  [(D) = o)), o)) = (@HE-0),  fule) = PP,
f13(z) = z*+b, where ya does not lie in the splitting field of f i(z), b and c are sufficiently

general rationals, bi# b j for it j.

Proof. In view of Corollary 4.9, the maximal groups of automorphisms of types II, III, IV, VI,
VIL, VIII, XII and XIII are conjugate to subgroups of W(D,) of the form <¢,c,c5¢,,GP> , GP

being a subgroup of S, . Hence by Lemma 6.1 the only thing to do is to construct prescribed

polynomials of degree 4 (which is standard) and to choose a, such that 4a does not lie in the
splitting field of the polynomial. For types IV, VI-VIII the construction of f(z) is quite
elementary. For type II one should take f(z) = (2—b)A(z), where &(z) is an irreducible
polynomial of degree 3 whose discriminant is not a square. For type XII one can take an
irreducible polynomial f(z) of degree 4 with its resolvent cubic splitting over k& into linear
factors, for example, f(z) = z*+2 . For type XIII take an irreducible polynomial f(z) such that
the Galois group of its resolvent cubic is isomorphic to Z/2, and f(z) itself is irreducible over
Q(/3), 6 denoting the discriminant of f(z). One can take f(z) = z*+b,i.e. a "general" binomial
of degree 4 (see, for example, [23], Ch. II). Finally, for type III we need a polynomial f(z) with
Gf = S, ,1i.e. a "general" polynomial of degree 4, for example, f(z) = z*—z+1 (its discriminant is
not a square, and its resolvent cubic is irreducible).

Since all our polynomials f(z) are monic, the point z=w ,y=1,2=0 is a rational
point of Z.
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THEOREM 6.12. Let Z; be a conic bundle over § which is defined as a relatively minimal model of
the natural smooth compactification of the surface y*—z22 = f {2), where
f1(2) = (a—2?)(z3+a), f5(z) = z*-2b(1-6a%+a*)2?+b%(1+0a?)*,
fo(2) = (2%2(a+b)3+(0~b)2)(2*~2( c+d) 3+(c—d)?); f1o(z) = (2°—0)(z+ab?)(z+0c2),
fu(@) = a(b=2)(z%-2b(a+1)z+6%(a-1)?), f14(2) = ((2-0)* — §0%)> — ¥*(a® — §0?),
fi5(2) = 2241, f14(2) = (2%—a)(P+2a(1+b)z+0*(1-D)?), fi(z) = (@+)(—2P~z+1),
f18(2) = 2*-2, fio(2) = —2P+z+1,
for general enough a,b,ce Q. Then Zi is birationally equivalent to a Del Pezzo surface of

degree 4, whose splitting group coincides with the group of automorphisms of type i.

Proof. Denote by Gi the Galois group of the polynomial f z.(12), and let Li be its splitting
fild. Then L, = QW/=Iy¥=3,3), G, =< a,fv>, ¢ multiplies a by 3/ 3+ =I),
B:y=T+— /=1, 7:4/=3+— /=3 . Straightforward computation shows that G, acts on the
components of singular fibres of 2Z; as follows: &= ¢;¢,c5¢4(15)(234), B = cye3c,65(24),

7 = (24). These elements generate Aut(I).
Further, the roots of fs(z%) are t{)b'(li ai), ijﬁ(atz’), Ly = Q(j'b',i), G is isomorphic to

the dihedral group. Complex conjugation acts on the components of the fibres as (12)(34), and
the element o :‘7’6»—-» iyb—as c¢ycy(14)(23). Together they generate Aut(V) = Gm
The roots of fo(z?) are #(yatyB), £(ycty/d). Clearly its Galois group is isomorphic to
(Z/2)*. 1t can be immediately identified with Aut(IX) = G,
The conic bundle Z,;, has 5 singular fibres : 4 fibres at the roots of f,;(z) and the fifth
fibre at z=0. The group G,, is isomorphic to the Galois group of the polynomial z*—a, i.e. to

the dihedral group ; it is generated by complex conjugation and the transformation
o:ya—s iya. The splitting field of the fibre at 2=0 is Q(=a). It is contained in
Ly= Q(ji,i), hence GZ= G, - Complex conjugation acts on the components of the fibres as

C)C3€4Cs 5 and o as cyc36,5(15), these elements generate Aut(X).

The conic bundle Z;; has 5 singular fibres : at the roots of f;;,at z=0,and z=o.
Ly; = QWey/0) contains the splitting fields of the fibres at z=0 and z=w, hence
Gy= Gy = (T/ 2)? . The generators of G act on the components of the fibres as ¢;¢yc3¢, and
¢,¢5(23), generating Aut(XI).
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Denote c¢ = b*(a® —$b?), d = §?, then the roots of f,(z%) are tJ atJ deyc . Let us find

G4 - Denote by K = Q(ﬁ,J d+ﬁ,J d—/¢) the normal closure of the extension Q(JE,J d+y/¢). The

group Gal(K/Q) is isomorphic to the dihedral group ; it is generated by the transformations
a:fe——fc, f: J d+/cr— —,l d+yc. Since (a+,l d+\/5)(a—J d+/c) € (I*)? and
(a+,j d—\/E)(a-—J d—~/c)€ (K*)?% Ly, = K(,J th dt/¢) is biquadratic over K. Thus, G,, can be

represented by an extension 1— (Z/2)?— G, — D,—1; it is generated by «,f and

7:Ja+l d+/cr— —J a+,j d+yc. These elements act on singular fibres as (23)(45), (25), and
¢ , generating Aut(XIV) = G8 ) Note that the components of the singular fibres at z=10

and z=o are defined over Q,hence G,= G, = Aut(XIV).
Now let us show that Gy = W(D,) = Aut(XV). The polynomial fi5(2*) modulo 2 is a

square of an irreducible polynomial of degree 4, and splits modulo 3 into the product of
irreducible polynomials z2+1 and z%-z*+22+1 of degrees 2 and 6. It shows that G contains

the elements (1234) and ¢;¢,(123) generating W(D,).

The surface Z,; has 5 singular fibres : 4 fibres at the roots of fi5(z) and the fifth fibre at
7=0: L= Q(ji,iﬂ/ﬁ), Gy~ I/2x D, . The splitting field of the fibre at =0 is contained in
Lyg . The action of generators of G, on the components of the fibres can be easily written.

The leading coefficient of f;;(z) equals —1, f;;(0) = %, hence Z,; has 5 singular fibres.
If be Q is sufficiently general, G,; is the direct product of splitting groups of polynomials

z*+b* and —z8z2+1, which (as we shall prove below) are isomorphic to (Z/2)? and
W(D,) ~ S, , respectively. Indeed, s3+2—1 is irreducible over { (being irreducible modulo 2),

its discriminant is not a square in @, hence its Galois group is S; . On the other hand, z3+2-1

splits modulo 3 into the product of a linear factor by an irreducible factor of degree 2:
+3-1= (z+1)(2%2-1) (mod 3), hence z8+2—1= (22+1)(z*~2-1) (mod 3). But 2°+1 and
1*—2?—1 are irreducible mod 3 ; it means that the Galois group of the polynomial z8+1%—1
contains an element acting on the components of the fibres as ¢;c,(23). Since its map onto Sj is
an epimorphism, this group contains W(D;). It coincides with W(Dj), since the product of the
roots of z342—1 is a squarein Q.

The group Gyg is isomorphic to the dihedral group of order 16, Lz = Q(‘?Zi),

Gig = <ao,f>, where « :?7»——» i,?? ,and [ denotes complex conjugation. a acts on the
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components of singular fibres over 0 as ¢,(1243), and f§—as c;c3¢,(14). The splitting field
of the fibre at z=0 is Q(/2)C L;g, hence a = ¢¢;(1243), = c;c3¢c4¢5(14). These elements

generate Aut(XVIII) while (12)(34) = o*fe.
Finally, in order to prove that G,y = Aut(XIX) it is enough to show that : 1) the Galois

group of z°—z-1 is S; ([42], Ch. 8, § 66); 2) z'°—z?—1 does not split into a product of two

irreducible polynomials of degree 5. Indeed, it follows from the first statement that the natural
map pr: Gy — S; is an epimorphism. Suppose that its kernel G’?g is non—trivial. Since the

product of the roots of z°—z—1 is a square in Q, G, is contained in W(D;). Conjugating by
permutations from S; we conclude that G‘fg = <€,0),CxC3,C3C4,C4C5> , 1.8. Gyg = W(D;). If
G’?g =1, then G’;lg =~ S, . Let us show that in this case the set {e;,—e;,...,e5,—€;} decomposes

into two G-orbits (that corresponds to splitting of z'%-z%-1 into a product of two irreducible
polynomials of degree 5). S, = <(12345),(12)> . All the elements of W(D,) of order 5 are

conjugate to each other, hence pr((12345)) is conjugate to (12345). Let pr((12)) = ¢ [(12).
Since (61(12,))2 =1, it follows that ¢;= pv, where p€ {Lige} , ve {L,eseqes6s,6465} - =1
because (c;(12)(12345))* =1. Let pr((345)) = c/(345). However, pr'((12)) commutes with
pri((345)), therefore v=1, hence G,y = <(12),(12345)> . It remains to prove the second

statement. In view of Gauss' lemma it is enough to do it in Z[z]. One can employ the method of
indeterminate coefficients, taking into account that the values of both factors at z=1 should be
equal to £1 .

3. "Interesting" groups.

In this subsection we obtain examples of Del Pezzo surfaces of degree 4 with prescribed
"interesting" splitting groups. We call a group G 'x interesting in one of the following cases :
2 < < -
either |||, (Gx,Pic X)# 0, or [__[_]:, (GyPic X)# 0, or the Gy~module Pic X is a direct
summand of a permutation G X—module. In the latter case, the surface X can happen to be a

counterexample to the Zariski conjecture. In order to construct a Del Pezzo surface with a

prescribed splitting group we (due to 6.9) write down an equation of a corresponding conic
bundle with 4 or 5 degenerate fibres (cf. §0).

We begin with interesting groups corresponding to Del Pezzo surfaces X of degree 4 with
PicX~Iol.
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THEOREM 6.13. Any subgroup GC W(D,) with U_]f,(G,Q(D.;))# 0 or LU:,(G,Q(D4)°)# 0 can

be realized as a splitting group of a Del Pezzo surface of degree 4 over § .

Proof. Let the conic bundles X,...,X, be given by the following equations :

(X)  Pabd = (o),
(X)) -z = 122244,

(X;) -z = 1'-12as7+46?,

(X) =2 = (2>2a3+A)[2%2(a>~+b)z+(a>—-b)?] .
(

Till the end of this section a,b,¢,... denote sufficiently general rationals).

Let us show that the splitting groups of these surfaces are respectively :
<(12)cyeye5¢4,(34) ¢ ch05¢4> G3 o <€;Cp,0165(12)(34)> = G2 K
<€;€9,¢,65(12)(34),(13)(24)> = G7 5 <016y,(34),65¢4(12)> = G3 5

The right hand side of the equation of X; is denoted by f i(z).

The surface X; has been investigated in [26).

Consider X, . Let us denote by 4 a primitive root of unity, 4!® = 1 . The Galois group of
Q(u)/Q is isomorphic to Z/2x 1/4 , its generators being p : p— p7 and o : pr— 48 .

The roots of f,(z%) = 28-12z*+4 are tJZ«:J? ,M’J%ﬁ .

On account of the equality u= d 2+~/§+4’ 2—+/2)/2, the degenerate fibres of X at
o=2+/2,2+/Z,-2+/2, and —2~2 are split over Q(u—"), Qu’~4?), Qu+x"), and Q(u>+4°),

regpectively.
We see that p acts on the components of degenerate fibres as c¢;c,, and o acts as

cc3(12)(34).

The case of X; is similar. The roots of fy(s?) are t?ﬁ.ljztﬂ s tij_a.,lztﬂ ; the
generators of GX are p,o,and 7 with p and o as above, and r:?i»——oi?ﬁ acting as
acy(14)(23).

The roots of f,(z) are t,l(ot a>—c?), £ ({ a¥=c%yD). The generators of Gy are

WB— ~B) = (34), (T=Fr—s =) = (12)(30)c5¢, , { (s T=F) — ~| s TD) = 15
(since (a+/a™=c?)(a~/a™C?) is a square; Gy = (I/2)%).




102 B.E. KUNYAVSKII, A.N. SKOROBOGATOV, M.A. TSFASMAN

The only remaining group is G7 6 As was remarked in the proof of Theorem 4.13, G7 6
b 9

is isomorphic to the group of quaternions of order 8. Let L/Q be a Galois extension,
Gal(L/Q) = G7 6 (such extensions are described, for example, in [16]). Now use Theorem 6.3 to

complete the proof.

Now let us go over to interesting subgroups GC W(D;), G ¢ W(D,).

THEOREM 6.14. Any subgroup Gc W(D;) with [_[_]Z,( G,Q(Ds)) # 0 can be realized as a splitting
group of a Del Pezzo surface of degree 4 over Q.

Proof. According to Theorems 5.11 and 5.12 there are (up to a conjugation) 8 subgroups
GC W(Dy), G¢ W(D,) with U_]f,(G,Q(Ds))# 0. Let us write down the equations of the

corresponding conic bundles :
(Y) y*=z2? = —{2*-2(a~1)z+(a+1)¥(s%—a)(z+a),

(Yy)  1P—32% = —[22+4(a+20%)z+4(a®-20%)%) (2% +42+2) (2-2),

(Yy) y*=z2* = —(z—0)(3-b)(7~ab)[7—2(a+1) cz+ F(a—1)?,

(Y y*—z2* = —{z2-2(a~1)z+b*(a+1)?)(2%a)(z+a),

(V) y*—s2® =132,

(Va) y*—z2® = z*-16a,

(V)  y*—z2* = (22—a)(2+ab?).

In order to check that their splitting groups are H,—H,, J;,J3,J; (in the notation of 5.11 and
5.12) one has to find the roots of fz.(zz) and to show that G x acts on the components of

degenerate fibres in the required way. It can be done quite as in Theorem 6.13. The only
remaining group in the lists of Theorems 5.11, 5.12 is J, = <c¢;6,,¢,¢5(1324)> . Since J, is an

extension of the abelian group <(1324)> by the abelian group <e¢,¢,,¢c5¢,> , Jp is solvable (cf.
Lemma 5.18). Therefore there exists a Galois extension L/Q, Gal(L/Q) ~ J, (see [39]). Now we

complete the proof using Theorem 6.3.
Let us go over to interesting groups which may correspond to stably Q-rational but not
Q-rational Del Pezzo surfaces of degree 4 (these groups are listed in Theorem 5.20).



PRESCRIBED SPLITTING GROUPS 103

THEOREM 6.15. Let Z,,Z,,Z; be conic bundles given over § by the following af fine equations :
(2) y*-z2* = ~(2-9)(z3+9),

(Z) yP—22* = (33 +20p2?+ d*pPa—a3 @) (z*-2r3+5),

(Z)  yP—a2® = —(2-3)(*+3).

In the second case, let the following conditions hold : 1) a is not @ square ; 2) the polynomial
P+pz+q is irreducible over Q ; 3) B/ D is a square (P = discr(3+pz+q) = 4p*-27¢,

@, = diser(z?—2rz+35) = 4(r%=s)); 4) s/ B, is a square ; 5) o/ P, is a square.
Then the splitting group of Z; coincides with I ; (in the notation of Theorem 5.20).

Proof. For Z, and Z; the verification is immediate. Let us consider Z, . Denote the roots of
B+pr+q by € (1=1,2,3). Applying the Viéte formulae we sce that the roots of
P4+2apr2+ap’r—ad @ are ae%-. Let K/Q be the splitting field of z*—2rz?+s, then the splitting
field of the surface is L = K(¢,€q,¢5) (since conditions 3 and 5 yield va€ K). The conditions

imposed on the coefficients ensure that Gal(K/Q) ~Z/4 and Gal(L/K)~ /3 . Now let us show
that G = Gal(L/Q) acts on the singular fibres in the required way. Let us numerate the singular

fibres in such a way that the splitting field of the ¢~th fibre is Q(J /s), Q(ey/a), Q(exa),

Q(esva), and Q(J rHy/s), respectively. According to the Cardano formulae ¢ = utv,

6 = auta®v, ¢ = cPutav, where o’=1, ofl, u=3J—%+3LI—g—1/'E;, v=3,‘|—§+%m.

Let p (respectively, o) be the generator of Gal(K/Q) (respectively, of Gal(L/K)), then G can
be represented as a semidirect product <o>X <p> . In fact o acts via cyclic permutation of
6’8, i.e. o= (234). Further, p acts in the splitting field X via the cyclic permutation

Ir—l—«/.?n—» L‘—\/E»-—-» —J ry/s— —Ir—-ﬂ‘. In view of conditions 3—5 the product a.s is a
square, hence p maps ya to —/a and therefore interchanges the components of the second,
third and fourth fibres. On the other hand, p sends V'35 to —/ 5 because of condition 4, hence

p transposes u and v, and therefore also ¢, and ¢;, i.e. the third and the fourth fibres.
Summing up, we conclude that p = cyc5c,¢5(15)(34), as required.

It is worth remarking that conditions 1-5 can be easily fulfilled, one can take, for
example, p=—4, ¢=1, a=r=229 , s=4.229 ; we get the surface

y>—z2® = —(23-18322%+839056 7—12008989) (*—4582+916)

(probably, the example is not the simplest one). It is an interesting question whether this surface
is actually stably Q-rational.
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7
RATIONALITY PROBLEM FOR NERON-SEVERI TORIL

Let T be an algebraic torus defined over a field %, and let L be its splitting field,
G = Gal(L/k). The character lattice T admits the following resolution of G-modules (a
canonical sequence [43, 4.53], or a flasque resolution [6]) :

(24) 0 T s F—0,

where S is a permutation module, and F is a flasque module, i.e. H'(U,F)=0 for any
UC G (cf. the discussion at the beginning of section 2). According to the basic result of
Voskresenskii [43, 4.60] the torus T is stably k-rational if and only if the G-module F is
similar to a permutation module. The goal of this section is to show that in some simple cases
this theorem provides quite a practical method to establish the A—irrationality of some tori.

The exact sequence (24) can be constructed explicitly in terms of torus embeddings (cf.
for example, [44]). The crucial point is the proof of the non—triviality of the similarity class [F].
We establish this by going over from F to F® 1 Zp and applying the Krull-Schmidt unique

decomposition theorem which holds in the category of lp[Gj—modules, Zp denoting the ring of

p—adic integers, G being a p—group [15, 76.26].

THEOREM 7.1. Let GC W(D,) and suppose that the decomposition of the graph T into G-orbits
is of type 1L, VIII, XII, XII or XV. Then the algebraic k-torus dual to the G-module Q(D,) is

not stably k-rational

Proof : Consider G6 = <€,0y€364,(1234)>  or G7 = <€,0y6364,(12)(34),(13)(24)>. These
] ’
groups are contained in G = Gxo = <€16€364,(12),(1234)>. Let us construct the resolution
)

(24) for the latter group following [44]. We have to choose the G—invariant fan ¥ in the weight
lattice '

79 = Hom(7,I) = Hom(Q(D,),I) = P(D,).

This lattice is volume—centered, i.e. it is the cubic lattice with centres of all the cubes added to

it. Consider the vectors e, &,=— € (¢=1,...,4), and all the vectors fr= (Xe+ I e,
iel * jer
IC {1,2,3,4}, T={1,2,34}\I. We construct the fan I as follows : let the vectors €1 €, fr

form the 1-skeleton of X; the vector f 1 divides the simplex with the edges ;i€ I and @ it
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j€ T into four cones. This procedure yields a G—invariant partition of R* into 64 cones; the
corresponding toric variety Xy is (PY* with 16 points blown up. The permutation module S

generated by the edges of ¥ is of rank 24, the rank of F = Pic )—(2 is equal to 20. The

resolution (24) is thus constructed.
Consider the exact sequence of W( Cn)—modules :

0 — T — MC,) -2 P(C) — 0

AN e
«cy)

Let us recall that the restriction of the pairing M(R)x M(R') =T to Q(R)x Q(R") coincides
with the usual Cartan pairing. It follows that bo a= ¢, where a is the natural embedding

Q(R) — M(R), (ce(a)(B') = <a,8">. This provides a commutative diagram of
W(C,,)-modules :

0 0 0

l ! l

0 — QC,) = QB,) — I/2 — 0

I To [

0 — QC) -2, M) —

and a commutative diagram of the cohomology groups of U-modules (U being either G

or Gs,l) :

Hom(UQ/T)
151 s
0 » 1/2 v H\U,QC,)) — HYU,QB)) —— Hom(UL/2)

I | I

HY(U,QC)) —— HY(UM(C,) —— 0.
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Here HYU,Q(B,)) =1/2, and Lemma 1.23 yields 6 =0. Thus & =0, therefore
| HY(U,Q(CY)| = 4.
Now let us compute H°(U,S). It is easy since we know the permutation basis of S. Here

4
is the result. If U= G7 0 then S=1I[UeI[U}® ® I[U/H], where |HJ =4, therefore
’ =1

(U9 = @/4)* and rksU=6. 1 U=G_, then §=1I[U]e I[]e LU/H]® ,51 1[v/H),
) i=

where | H| =2, | H| =4, therefore H(U,S) ~1/2x (I/4)* and 7k sV=s.
Let us tensor the resolution (24) by the ring of 2-adic integers Z,, and apply the
unique decomposition theorem, which holds in the category of Z,[U}-modules, U being a

2—group [15, 76.26]. Suppose for a moment that T is stably rational, then the U-module F is
a direct summand of a permutation U-module. Then F® I, is a permutation Z,[Ul-module
(cf. [17]). We know the structure of U, and the ranks of F and FU, therefore we can list all
the possible decomposition types of Fo 1, into indecomposable modules. Since
H(UI[U/H)) = H(H,I) ~T/| H|, to compute H°(U,F)= H(U,F® 1,) it suffices to know the
ranks of indecomposable components of F® I, (tensoring by I, does not change the
cohomology of a 2—group). If U= G7 0 then the following cases are a priori possible :

a) (8,8,1,1,1,1), then H(U,F) = (T/8)%

b) (8,4,4,2,1,1), then H(U,F)= (I/8)*x T/4x (I/2)%

©) (4,4,4,4,2,2), then HO(U,F) = (T/4)%x (I/2)%

d) (8,4,2,2,2,2), then HO(U,F) = (I/4)*x I/2.

Comparing the orders of the groups in the exact sequence

(25) 0 — H(U,S@ 1)) —— HY(U,F® 1,) — H'(U,T® 1,) — 0,

we notice that cases a), ), d) are impossible. Case D) is also impossible, since (Z/4)* cannot
be embedded into (Z/8)%x /4 x (1/2)%
Now let U= G6 v Then the following ranks of indecomposable components of F® Z,

are a priori possible :

a)  (8,4,4,2,2), then EO(U,F) =~ (I/4)%x (I/2)%
b)  (8,8,2,1,1), then EO(U,F) = (1/8)%x L/4;
c)  (4,4,4,4,4), then HO(U,F)~ (1/2).

Now, (25) leads to a contradiction in all cases.
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Summing up, we have proved that tori corresponding to G’61 and G71 are not stably
) K
k-rational. The same is obviously true for tori with splitting groups G1 5 Ga o G2 5 G7 5
b 2 ) )

2 ~
G7 o G7 s because in these cases the birational invariant ||| (G,T) is non—zero. In a similar
b )
1 -
way, the torus with the group G3 s is not stably k-rational because L]_J“,(G3 5,T’) =1/2
» )

(Theorems 4.13 and 4.18). Let us show that all the other groups of types III, VIII, XII, XIII and
XV from the list of Proposition 4.4 contain one of the above groups; this is sufficient to prove
Theorem 7.1. We can consider subgroups of W(Ds) up to the action of Aut’ W(D,) since the
dual tori are stably equivalent (Proposition 4.1). In fact Gi() contains Goo which is
] b}
transformed into G_,1 by an automorphism of W(D,). The group G9 = <(123),¢,65(124)>
b )
contains (123)c,cy(124) = cye5(13)(24) and  (123)cyc5(13)(24)(132) = ¢,¢5(12)(34), these two
elements generate G ; G and G contain G ; G 232G ; G and G contain
76 1,2 1,4 2 36 33 34

5 10,

G1 s which is transformed into G61 by an outer automorphism from Aut’ W(D,). Other
b ]

groups of types considered are transformed by an outer automorphism from Aut’ W(D,) into

one of the above groups. The theorem is proved.
To complete the picture let us present the following result.

TIEOREM 7.2. Let GC W(D,) and suppose that the decomposition of the graph T into G-orbits
is of type II or IV-VIL. Then the algebraic torus dual to the G-module Q(D,) is rational over
the ground field.

Proof : The Fk-rationality of tori of types IV and VII follows from Proposition 5.7. The
k-rationality of the torus corresponding to the unique group G2 . of type VI is proved in [26].

Let G=Auw(ll)= G5,1= <(12),(23),c,¢5c3¢,>.  Let us choose the following basis in
Q(D,) : €= e~ ¢ (1=1.23), e,=€e,—e,— e — ¢ (ez. being the standard basis of Q(B,)).
The group 53 = <(12),(23)> permutes ¢;'s, and the element c¢;cyc3c, changes their signs. It
follows that the dual torus admits an open embedding into a k—form of ([I’}c)“, therefore it is
k-rational [44]. Let G = Aut(V)= Gm: <(12)(34),c,c5(13)(24)>. Let us choose the basis
G =€ —€3 €=¢6+ 6, g=¢e—¢€, ¢=e¢—e in QD,), then the G—module Q(D,) is
a direct sum of G-modules of rank2 : Q(D,) = <¢,6> <eg,6,>, and all the two

dimensional tori are k-rational [43, 4.74]. The theorem is proved.
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Remark 7.3. Both k-rational and k-irrational tori occur among the tori corresponding to the

groups of types IX and XIV.
In fact, Aut(XIV)> Aut(IX)> G3 o On the other hand, the torus corresponding to Go )

is Io—rationaJ [26]. For the torus corresponding to the group G2 . of type XIV the situation is

quite similar.
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Résumé

Les intersections de deux quadriques dans IP;C (c'est—a—dire les surfaces de Del Pezzo de

degré 4, soit lisses, soit "singuliéres") constituent la premiére classe de surfaces rationnelles dont
'arithmétique est non—triviale. L'arithmétique de telles surfaces X dépend de leurs propriétés
algébriques (combinatoires) et géométriques, propriétés que 1'on peut lire sur l'action du groupe
de Galois Gal(k/k) sur le groupe de Picard Pic X (ici % est une cloture séparable de & et
X=Xx k k). Pour étudier ces propriétés, nous donnons des formules générales pour certains

invariants cohomologiques importants. Ces formules nous permettent d'établir la liste des cas
"intéressants", c'est—a—dire des cas ol ces invariants sont non—triviaux. Nous étudions les
équivalences birationnelles entre divers types de surfaces rationnelles de degré 4, tant en termes
géométriques que combinatoires. Puis nous exhibons de nombreux exemples explicites (y compris
tous les cas "intéressants") et nous donnons une méthode générale de construction de tels
exemples. Nous étudions aussi les propriétés de rationalité du tore de Néron—Severi.



